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Abstract 
I n t h i s thes is , w e s t u d y t h e g e o m e t r y o f s t r o n g l y p s e u d o c o n v e x C R m a n i f o l d s 
i n r e l a t i o n t o b i h o l o m o r p h i c m a p p i n g s b e t w e e n d o m a i n s i n c o m p l e x space. I t 
t u r n s o u t t h a t t h e g e o m e t r y is p r o j e c t i v e i n n a t u r e . I n p a r t i c u l a r , we s t u d y t h e 
Serge f a m i l y assoc ia ted t o a r e a l a n a l y t i c h y p e r s u f a c e i n C h e r n ' s s o l u t i o n 
o f t h e l o c a l equ i va lence p r o b l e m fo r Serge f a m i l i e s is p r e s e n t e d as a n a n a l o g u e o f 
t h e C a r t a n - C h e r n - M o r s e r ' s s o l u t i o n o f t h e l o c a l equ i va lence p r o b l e m fo r t h e r e a l 
h y p e r s u r f a c e i n C 奸 i . 
I t is w e l l k n o w n t h a t t h e R i e m a n n m a p p i n g t h e o r e m fa i l s m i s e r a b l y i n h i g h e r 
d i m e n s i o n s . T h e above resu l t s , howeve r , l e a d t o t h e f o l l o w i n g g e n e r a l i z a t i o n o f t h e 
R i e m a n n m a p p i n g t h e o r e m o f C h e r n a n d J i ; i f a b o u n d e d s i m p l y c o n n e c t e d d o -
m a i n Q i n C ^ + i w i t h c o n n e c t e d s m o o t h b o u n d a r y has t h e s p h e r i c a l b o u n d a r y ( i .e. 
i t is l o c a l l y C R i s o m o r p h i c t o t h e u n i t sphere dB奸”,then i t is b i h o l o m o r p h i c 
t o t h e u n i t b a l l . T h i s f u n d a m e n t a l t h e o r e m is s t u d i e d i n t h i s thes is . 
/ . 
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的推廣：如果在空間上，一個有界，單連通域 f l有光滑連通的邊界，并 
且這邊界是球面的（即是這邊界和在C+i空間上的球面是局部CR同構）， 
則這域 f l與C+ i空間內的球體是雙全純。我們將討論這基礎定理。 
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O n t h e c o m p l e x p l a n e C , t h e R i e m a n n M a p p i n g T h e o r e m asserts t h a t a s i m -
p l y c o n n e c t e d d o m a i n is b i h o l o m o r p h i c a l l y e q u i v a l e n t t o e i t h e r t h e u n i t d isc o r 
t h e w h o l e C . H o w e v e r t h e t h e o r e m fa i l s b a d l y i n h i g h e r d i m e n s i o n s . F o r e x a m p l e , 
P o i n c a r e s h o w e d i n 1907 t h a t t h e b a l l a n d t h e p o l y d i s c i n n > 1 are n o t 
b i h o l o m o r p h i c a l l y e q u i v a l e n t (see [Po] ) . T h i s suggests t h a t t h e p r o b l e m o f c las-
s i f y i n g h i g h e r d i m e n s i o n a l d o m a i n s u p t o b i h o l o m o r p h i s m s is d i f f i c u l t . F a t h e r , 
P o i n c a r e p r o p o s e d s t u d y i n g t h e b o u n d a r y o f d o m a i n s i n s o l v i n g t h i s p r o b l e m . 
T h i s a p p r o a c h is j u s t i f i e d i n C奸丄 b y t h e f o l l o w i n g t h e o r e m s . 
Theorem ( B o c h n e r E x t e n s i o n T h e o r e m [Boc ] ) Let Q, be domains in C^ with 
smooth boundaries dVt, dVt'. Let f : d^l — dO! be a diffeomorphism which in-
duces an equivalence of the induced structures on dVt and dO!. Then f extends 
to a biholomorphism f : Vl — 0! • 
O n e observes t h a t n o c o n d i t i o n s o t h e r t h a n s m o o t h n e s s are i m p o s e d o n t h e 
b o u n d a r i e s . T h e converse, w h i c h assumes s t r o n g p s e u d o c o n v e x i t y , is a s u r p r i s -
i n g l y d i f f i c u l t t h e o r e m . 
Theorem ( C . F e f f e r m a n [Fe]) Let Cl, 0! be hounded strictly pseudoconvex domains 
in CT^+i with smooth boundaries, f : n — 0! a biholomorphism. Then f extends 
to a smooth map f .. VL 一 0 / , and : dVt — dO! is an equivalence of the 
3 
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boundaries. 
I n 1974 t h e p a p e r o f C h e r n a n d M o s e r gave c o m p l e t e l o c a l i n v a r i a n t s f o r t h e 
i n d u c e d s t r u c t u r e o f n o n d e g e n e r a t e s m o o t h b o u n d a r i e s , t h u s s o l v i n g t h e l o c a l 
equ i va lence p r o b l e m f o r s u c h b o u n d a r i e s . T h e f o l l o w i n g t h e o r e m is a c o r o l l a r y o f 
t h e i r t h e o r e m 
Theorem ( C a r t a n - C h e r n - M o s e r t h e o r e m [ C a ] , [ C M ] ) A real smooth hypersurface 
in is locally CR isomorphic to the unit sphere if and only if the induced Car-
tan connection on the CR-structure principal bundle Y over the hypersurface is 
locally flat. 
T h i s c a n be r e g a r d e d as a l o c a l v e r s i o n o f t h e R i e m a n n m a p p i n g t h e o r e m f o r 
h i g h e r d i m e n s i o n s . 
I n t h i s thes is , w e s t u d y t h e f o l l o w i n g g o b a l r e s u l t p r o v e d b y C h e r n a n d J i 
;CJ2] i n 1996 
Theorem ( C h e r n a n d J i [ C J 2 ] ) If a hounded simply connected domain in C几+i 
with connected smooth boundary has the spherical boundary (i.e., it is locally CR-
isomorphic to the unit sphere), then it is biholomorphic to the unit hall in 
I n t h e i r p a p e r , t h e a u t h o r s de f i ne a p r o j e c t i v e s t r u c t u r e over a d o m a i n w i t h 
s p h e r i c a l b o u n d a r y . S u c h p r o j e c t i v e s t r u c t u r e is d e f i n e d w i t h i n t h e h o l o m o r p h i c 
c a t e g o r y a n d s h o u l d be use fu l . I n d e e d t h e p r o j e c t i v e s t r u c t u r e has b e e n con-
s t r u c t e d l o c a l l y b y C h e r n [ C I ] i n 1975, as a c o m p l e x i f i c a t i o n o f t h e C R - s t m c t u r e . 
T h e r e are t w o e q u i v a l e n t ways : one i n t e r m s o f a Segre f a m i l y a n d t h e o t h e r i n 
t e r m s o f t h e space o f h y p e r p l a n e e l m e n t s P T ' C 奸 i . T h e y are e q u i v a l e n t v i a a 
l o c a l b i h o l o m o r p h i c m a p . 
T h i s thes is is o r g a n i s e d as f o l l ows : 
I n C h a p t e r 1, w e g ive a b r i e f r e v i e w o f C R m a n i f o l d s . W e also p resen t t h e 
e x t e n s i o n o f r e a l a n a l y t i c C R f u n c t i o n t o h o l o m o r p h i c f u n c t i o n o n rea l a n a l y t i c 
h y p e r s u r f a c e i n C 糾 . 
I n C h a p t e r 2, we p resen t t h e Segre f a m i l y assoc ia ted t o a r e a l a n a l y t i c h y -
/ , 
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p e r s u r f a c e i n W e t h e n s h o w h o w t o c o n s t r u c t a G - s t r u c t u r e ove r s u c h a 
Segre f a m i l y . W e c o n c l u d e t h i s c h a p t e r b y g i v i n g s o m e l o c a l c o m p u t a t i o n s o f 
G - s t r u c t u r e . 
I n C h a p t e r 3，we s h o w h o w t o c o n s t r u c t a p r i n c i p a l f i b r e b u n d l e ove r t h e Segre 
f a m i l y . I t w i l l b e s h o w n t h a t a h o l o m o r p h i c C a r t a n c o n n e c t i o n c a n b e i n t r o d u c e d 
o n s u c h b u n d l e . T h i s c o n n e c t i o n c a n b e i n t e r p r e t e d as a c r i t e r i o n c h a r a c t e r i z i n g 
w h e n t w o g i v e n r e a l a n a l y t i c h y p e r s u r f a c e s i n a re l o c a l l y b i h o l o m o r p h i c a l l y 
e q u i v a l e n t . T h i s c h a p t e r e n d s w i t h a b r i e f i n t r o d u c t i o n t o p r o j e c t i v e c o n n e c t i o n . 
I n C h a p t e r 4, w e f o l l o w t h e w o r k o f C h e r n a n d J i [ C J 2 ] . I n s t e a d o f u s i n g 
Segre f a m i l y , w e v i e w t h e p r o j e c t i v e s t r c u t u r e i n t e r m s o f t h e space o f h y p e r p l a n e 
e l m e n t s . I t c a n b e s h o w n t h a t t h e r e is a n e x t e n d e d G - s t r u c t u r e ove r t h e space o f 
h y p e r p l a n e e l m e n t s . W i t h t h e h e l p o f t h i s e x t e n d e d G - s t r u c t u r e , w e p r e s e n t t h e 
g e n e r a l i z e d R i e m a n n m a p p i n g t h e o r e m o f C h e r n a n d J i . 
I n t h i s t hes i s , un less o t h e r w i s e spec i f i ed , a l l m a p s a n d m a n i f o l d s a re a s s u m e d 
t o b e . I n p a r t i c u l a r , a l l h y p e r s u r f a c e s a re a s s u m e d t o b e s m o o t h . A l l s m a l l 
G r e e k i n d i c e s h a v e t h e r a n g e 1 < a , ... < n , s m a l l L a t i n i n d i c e s h a v e t h e r a n g e 
1 < i , j , . . . < n + 1, l a r g e L a t i n i n d i c e s h a v e t h e r a n g e 0 < A, B,... < n 1, a n d 




F o l l o w i n g P o i n c a r e ' s idea , one s t u d i e s t h e b o u n d a r i e s o f d o m a i n s i n (n > 
1) t o i n v e s t i g a t e t h e b i h o l o m o r p h i c equ i va lence o f t h e i n t e r i o r d o m a i n . T h e 
b o u n d a r y is a r e a l h y p e r s u r f ace w i t h a n i n d u c e d s t r u c t u r e f r o m • C R m a n i -
f o l ds are a b s t r a c t i o n s o f r e a l h y p e r s u r f a c e s . 
1.1 Introduction to CR manifolds 
Definition 1.1.1 (M, V) is a CR、Cauchy-Riemann) manifold if M is a real 
manifold with dimension 2n+l and V is a sub-bundle of complexified tangent 
bundle of M, C<S>TM, such that the complex fibre dimension ofV is nyr\V = { 0 } 
and V satisfies the integrahility condition: [ r (y ) , T{V)] C T{V), where r ( V ) is 
the set of all sections of V over M and [ , ] is the Lie's bracket. 
Remark: W e w i l l use t h e n o t a t i o n Tu{V) t o d e n o t e t h e set o f a l l sec t ions o f V 
over U . 
E q u i v a l e n t l y , w e have a r e a l v e r s i o n o f t h i s d e f i n i t i o n . 
Definition 1.1.2 (M, H, J) is a CR manifold, if M is a C⑷ real manifold with 
dimension 2n+l,i7 is a real sub-bundle of tangent bundle of M, TM, such that 
6 
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the real fibre dimension of H is 2n , and J is an isomorphism of H satisfying 
= —id and the integrability condition: if X^ Y G r(if)； then 
[ J X , Y] + [ X , JY] e T{H), J { [ J X , Y] + [ X , J Y ] } = [ J X , JY] — [ X , V j . 
Remark: A r e a l s u b b u n d l e o f TM is ca l l ed a n r - p l a n e d i s t r i b u t i o n , w h e r e r is 
t h e f i b re d i m e n s i o n o f t h e s u b - b u n d l e . So o u r is a 2n -p l ane d i s t r i b u t i o n o n M. 
T h e f i b re o f i f a t a p o i n t p e M is ca l l ed t h e cha rac te r i s t i c p l a n e a t p. 
Proposition 1.1.3 Definition 1.1.1 is equivalent to Definition 1.1.2. 
Proof: L e t ( M , V) be a C R m a n i f o l d i n D e f i n i t i o n 1.1.1. T h e n we fix a n a r b i -
t r a r y p o i n t p ^ M a n d cons ider a n e i g h b o r h o o d Up o f p i n M. L e t { L i , L ^ } be a 
l o c a l basis o f V over Up, t h e n VOV = 0 i m p l i e s t h a t {ReLi,ReLn, ImLi, ...,ImLn} 
is l i n e a r l y i n d e p e n d e n t over rea l . 
De f i ne H t o be t h e s u b - b u n d l e o f TUp s p a n n e d b y t h e basis {ReLi,…’ ReLn, 
I m L i , I m L n } ' Since H is i n d e p e n d e n t o f t h e choice o f t h e basis, H is w e l l 
de f ined. 
N o w , we def ine J : H ^ H hy t h e basis as fo l l ows 
J(ReLa) = ImLa, J{ImLa) 二 —ReLa. fo r a = 1，2,..., n 
where J is we l l - de f i ned a n d l i near . O b v i o u s l y , we have J^ = —id a n d J is a n 
i s o m o r p h i s m o f H . 
W e e x t e n d J l i n e a r l y t o J : C ( 8 ) i J - > C ( 8 ) 7 f w i t h 
J { X ) = —iX, J{Y) = lY. 
where X G a n d Y G rVp(17) . N o t e t h a t i f A G T{H), t h e n we have 
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F o r t h e i n t e g r a b i l i t y c o n d i t i o n : L e t A, B be sec t ions o f H. B y a s s u m p t i o n a n d 
above, w e have [A + iJA, B + iJB] is a n sec t i on o f V over Up. Hence, 
J { [ A + iJA, B + i J B ] } = - i [ A + iJA, B + iJB . 
B y c o m p a r i n g r ea l p a r t a n d i m a g i n a r y p a r t , we o b t a i n 
J { [ J X , Y] + [ X , J Y ] } = [ J X , JY] - [ X , Y ] . 
Hence , J sat isf ies t h e i n t e g r a b i l i t y c o n d i t i o n . S ince p is a r b i t r a r y i n M, t h e 
( M , H, J) o b t a i n e d is a C R m a n i f o l d i n D e f i n i t i o n 1.1.2. 
Converse ly , g i v e n ( M , H, J) is a C R m a n i f o l d i n D e f i n i t i o n 1.1.1. W e e x t e n d J 
t o a c o m p l e x l i nea r m a p J f r o m C <S> H to C ③ H. L e t 
= = —iX } 
T h e n i t f o l l ows t h a t y , F a r e sub -bund les o f C<S>TM a n d C ( g ) 丑 = H e n c e , 
t h e c o m p l e x f i b re d i m e n s i o n o f V is n . 
N o t e t h a t iiW e V , t h e n JW = - i W . Hence i f we w r i t e W = A + iB fox some 
A,BeH, we get B = J A. T h i s imp l i es 
二 = A + iJA, f o r some AeH } (1 .1) 
Fo r t h e i n t e g r a b i l i t y c o n d i t i o n fo r V, i t f o l l ows f r o m t h e i n t e g r a b i l i t y fo r J a n d 
(1 .1) . Hence, ( M , V) is a C R m a n i f o l d i n D e f i n i t i o n 1.1.2. • 
R e m a r k : I t is w o r t h t o n o t e t h a t V, V are t h e —i e igenspace a n d t h e 
eigenspace of c o m p l e x i f i e d J , respec t ive ly . 
E x a m p l e 1 . 1 . 4 L e t M be a rea l hype rsu r face i n C 时 i . L e t i7。，i(C^+i) be t h e 
s u b b u n d l e o f C(8) TC whose sect ions are c o m b i n a t i o n s o f t h e 嘉 . T h e n we def ine 
Ho,i(M) = n C (g) T C . 
T h e n Ho,i(M) is a s u b b u n d l e o f C 0 TM a n d we d e n o t e i t b y 仏 So, 
v n v = {o}. 
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C o n s i d e r p e M. S ince Vp^Vp C C<S) TpM a n d t h e d i m e n s i o n o f t h e c o m p l e x 
v e c t o r space Vp is e q u a l t o t h e d i m e n s i o n o f t h e c o m p l e x v e c t o r space V p , w e h a v e 
t h e d i m e s i o n o f t h e c o m p l e x v e c t o r space Vp < n. We c l a i m t h a t t h e d i m e s i o n is 
n . 
I n d e e d , l e t Up C M be a n e i g h b o r h o o d o f p s u c h t h a t Up is g i v e n b y 
{ (zi,...，々 + i”)eC^+i \ v = f { z , z , u ) } 
w h e r e = u + iv, z = z'^) a n d / is a r e a l f u n c t i o n o n Up. L e t L b e a 
s e c t i o n o f V ove r Up . W e h a v e , 
, d i d d 
1 二即 W 际 + 
w h e r e a^.b^.c a re c o m p l e x v a l u e d f u n c t i o n s ove r Up. S i n c e L G r(i7o，i(C""+i))’ 
L ^ = 0 f o r a n y g = G\up a n d G is h o l o m o r p h i c i n a n e i g h b o r h o o d o f C 糾 n e a r 
p. W e ge t Lg{z, z,u + i f { z , z, u)) 二 0 w h i c h i m p l i e s 
df f八丄.df 
T a k e 
Q n Q J-
61 = 1 + i — , & 2 二 … 二 = 0 a n d c = — i ^ , 
du oz^ 
w e ge t , 
1 du dz^ dz^ du ‘ 
W e d e f i n e L 2 , L n i n a s i m i l a r f a s h i o n . T h u s w e o b t a i n , 
I t f o l l o w s t h a t L i , L n a re l i n e a r l y i n d e p e n d e n t . H e n c e t h e d i m e n s i o n o f Vp is 
n . 
F i n a l l y , i f X , F G T{V), t h e n [ X , F ] G r ( i 7 o , i ( C ) ) a n d [ X , y ] G r ( C 0 T M ) . 
H e n c e , w e h a v e ( M , V) is a C R m a n i f o l d . W e p r o v e d 
/ 
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Proposition 1.1.5 Let M he a real hypersurface in there exists an induced 
suhhundle ^ C C (g) TM such that ( M ， V ) is a CR manifold. 
Remarks: 
1. I n f a c t , o u r C R m a n i f o l d s m i g h t m o r e p r e c i s e l y b e c a l l e d C R m a n i f o l d s o f 
h y p e r s u r f a c e t y p e as w e g e n e r a l i z e d t h e s t r u c t u r e o f h y p e r s u r f a c e i n r a t h e r 
t h a n t h e s t r u c t u r e o f s u b m a n i f o l d s o f h i g h e r c o d i m e n s i o n . 
2 . W e c o u l d use t h e a l m o s t c o m p l e x s t r u c t u r e J o f t o i n d u c e t h e 2 n -
p l a n e d i s t r i b u t i o n H so t h a t ( M , H, J) i s t h e c o r r e s p o n d C R m a n i f o l d . I n d e e d , 
H = T M n J { T M ) . 
Example 1.1.6 L e t 二 {(之，以 + 圳 G (C2 | ” 二 0 } . T h e n b y ( 1 . 2 ) , w e find 
t h a t s e c t i o n s o f V a re c o m p l e x m u l t i p l e s o f 羞.For H, b y u s i n g R ^ f l J R ^ , s e c t i o n s 
o f H a re r e a l c o m b i n a t i o n s o f ^ , w h e r e z = x + i y . N o t e t h a t s e c t i o n s o f H 
a re c l o s e d u n d e r L i e ' s b r a c k e t . 
Example 1.1.7 L e t Q 二 { {z,u + iv) e C^ \ v zz }. By u s i n g ( 1 . 2 ) a g a i n , w e 
find t h a t s e c t i o n s o f V a re c o m p l e x m u l t i p l e s o f ^ - iz-^. B y u s i n g H = TQ 门 
J{TQ), w e f o u n d t h a t s e c t i o n s o f H a re r e a l c o m b i n a t i o n s o f ^ + 悬 -
, w h e r e z = x i y . N o t e t h a t s e c t i o n s o f H a re n o t c l osed u n d e r L i e ' s b r a c k e t . 
I n f a c t , [羞 + 悬 - 2 x £ ] = w h i c h is n o t a n s e c t i o n o f H. 
Remark: Q is c a l l e d h y p e r q u a d r i c w h i c h is b i h o l o m o r p h i c t o t h e u n i t s p h e r e 
i n C2 b y t h e m a p f ( z , w ) 二 (：；^,誌).In h i g h d i m e n s i o n Q = { ( z " ,以 + w) G 
((^n+i I y =之a乏a } w h i c h is a l so b i h o l o m o r p h i c t o t h e u n i t s p h e r e i n b y t h e 
m a p 
r , a 、 , 2 之 “ 秘 一 、 
W + t W + l 
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1.2 CR functions 
W e use t h e n o t a t i o n s (M, V, p) t o d e n o t e t h e C R s t r u c t u r e o n M i n a n e i g h b o r -
h o o d of p e M a n d use (M, p) t o d e n o t e a n e i g h b o r h o o d o f p G M a n d is used 
a lso w h e n M does n o t have a C R s t r u c t u r e . 
Definition 1.2.1 A complex valued fucntion f on M is a CR function on the 
CR manifold (M, V) if Lf = Q for all L G T{V). 
Definition 1.2.2 A complex valued function f on a neighborhood of p e M is a 
CR function on (M, V,p) if there exists another neighborhood Up such that Lf 二 Q 
for all sections L : Up 一 V. 
Remark: L i k e t h e bes t e x a m p l e o f a C R m a n i f o l d is a h y p e r s u r f a c e i n 
t h e bes t e x a m p l e o f a C R f u n c t i o n is a h o l o m o r p h i c f u n c t i o n r e s t r i c t e d t o s u c h a 
h y p e r s u r f a c e . 
Proposition 1.2.3 Let M be a real hypersurface in p he a point of M, U 
be a neighborhood ofp in and Up = MOU be the corresponding neighborhood 
of p in M. If F is holomorphic on U, then the restriction of F to Up is a CR 
function on (M, p). 
Proof: T h i s f o l l o w s eas i l y f r o m t h e d e f i n i t i o n of t h e i n d u c e d C R s t r u c t u r e . 
I n d e e d , l e t f 二 t h e n i f L G we have LF = 0. S ince L is 
t a n g e n t t o M, Lf = 0. • 
Corollary 1.2.4 Let M, p, and Up as above and let F be holomorphic on one 
component of U \ Up. If F extends smoothly to M，then this extension is a CR 
function on Up. 
Proof: L e t t h e e x t e n d e d F be / . Suppose q G Up, we t a k e a sequence 
Qn ^ U \ Up s u c h t h a t F is a h o l o m o r p h i c a t each qn a n d ^ as n —» oo, t h e n 
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L f { q ) 二 l imn—oo Lf{qn) 二 l imn—oo LF{qn) = 0 f o r L G T{V). S ince q is a r b i t r a r y 
o n Up, / is a C R f u n c t i o n o n Up. • 
Lemma 1.2.5 Let M be a real hypersurface in (C几+i such that 
M = {(之、w) e C^+i I w, r , iD) = 0 }, 
where r is a real defining function for M. Suppose M passes through the origin 
and dr(Q) • 0. Then there exists a linear change of coordinates on M, such that 
near the origin, the defining function for M can be written as v — z^, u), 
where w = u + iv and F{0) 二 0； dF{0) 二 0. 
Proof: C o n s i d e r t h e f o l l o w i n g l i n e a r change o f c o o r d i n a t e s , 
W = CpZ*^ + Cn+iW* 
N o t e t h a t t h e o r i g i n is s t i l l m a p p e d t o t h e o r i g i n . T h e n i n t e r m s o f n e w c o o r d i -
na tes , we have 
dr = ^ d z - + - ^ d r - + p d w ^ + ^ d w ^ 
d 矛a dw* dw* 
+ ( ‘ i f e + c - S ) - * 
W r i t i n g i t i n m a t r i x f o r m , we have 
( „ Q ! „ n + l \ / dr \ ( dr \ 
。！3 。/3 dz^ — dz*^ ， 
- a ^n+1 I \ ^ 』 
\ ^n+1 ^n+1 / \ dw / \ dw* / 
/ 
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W e choose c 》 ， c g + i ， c 二 } s u c h t h a t 二 z, & 二 0 a t t h e o r i g i n . T h i s 
m e a n s 二全，二 0 a t t h e o r i g i n . 
N e a r t h e o r i g i n , we use I m p l i c i t F u n c t i o n T h e o r e m t o o b t a i n v* 二 u*) 
o n M , w h e r e F is a r e a l f u n c t i o n . S ince r ( 0 ) = 0 a n d = 0, = 
0 , = 0 a t t h e o r i g i n , hence w e have F ( 0 ) 二 0 a n d dF(0) = 0. F i n a l l y b y 
w r i t i n g 2：* t o z , we c o n c l u d e t h e p r o o f . • 
Remark: I f M is r e a l a n a l y t i c , t h a t is r is r e a l a n a l y t i c , t h e n w e c a n also have 
F is r e a l a n a l y t i c b y r e a l a n a l y t i c v e r s i o n o f I m p l i c i t F u n c t i o n T h e o r e m . 
Theorem 1 If M is a real analytic hypersurface in C几+1 and f is a real analytic, 
complex valued CR function on (M, p) then f is the restriction to M of a function 
holomorphic in a neighborhood of p. 
Proof: W e m a y assume p is t h e o r i g i n . B y L e m m a 1.2.5, ( M , p) c a n be w r i t t e n 
i n t h e f o r m 
V = ( j ) { z , z, u) 
w h e r e z 二 ( 2 ： 1 , = u-\- iv, 4> is r e a l a n a l y t i c a n d ( i0(O) = 0. 
W e w a n t t o find a h o l o m o r p h i c f u n c t i o n F such t h a t 
u + i4>{z,乏，u)) = f[z,乏，u). 
I f we c o m p l e x i f y u , we o b t a i n 
(之，c + 场 ( z , 乏 , C ) ) = / ( z , 乏 , 0 . 
So i f t h i s e x t e n s i o n F ex is ts , t h e va l ue a t t h e p o i n t {z, o f t h e e x t e n i s o n is 
f { z , z, ( ) w h e r e ( sat is i f ies 
<：+ 幼 ( 2 ,乏, 0 =之时 1 . (1.3) 
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W e le t C as a n i n d e p e n d e n t v a r i a b l e a n d cons ider ( + 乏,C ) -之 " “ +工= 0 . S ince 
p — 1 + p — 丄 尹 U. 
B y I m p l i c i t f u n c t i o n t h e o r e m o n (1.3)，we c a n de f ine CO,乏,之"“+” o n a n e i g h b o r -
h o o d o f p i n . T h e n we de f ine F b y 
o n t h e n e i g h b o r h o o d of p. B y o u r c o n s t r u c t i o n , F is h o l o m o r p h i c i n z 几 W e 
c l a i m t h a t i t is h o l o m o r p h i c i n each . . . ， F r o m (1 .3) , 
d ( ： — - 邀 之 , 乏 , 0 
Hence , 
f = 1 (1.4) 
dz^ dz^ 1 + i^dC u 
w h i c h is e v a l u a t e d a t (z,乏，Q w i t h ( is g i ven b y (1.3) . 
B y (1 .2) a n d / is a C R f u n c t i o n , we have 
n T f f 、 , 1 1 . 3 0 、 ^ f • 柳 n 5、 0 = f ) = ( 1 + ^TT-jT； ^ o " " " T . (1-Oj 
k du) d乏a du 、 
^ T-l 
f o r a = l,..., n . Hence f r o m (1 .4) , (1 .5) a n d L , f are rea l a n a l y t i c , we have ⑥ = 0 
fo r a l l a. T h i s finished ou r p r o o f . • 
W e have t h e f o l l o w i n g c r i t e r i a fo r a C R f u n c t i o n . 
Proposition 1.2.6 f is a CR function on (M, V,p) if and only if near p, /*L 二 
A羞 for all L G r(l/)，where the function A depends on L. 
Proof: Let / be a differentiable complex valued function and T{L G C<S>TM), 
t h e n 
灿 ) 二 湖 基 + 如 I . 
So, / is a C R f u n c t i o n i f a n d o n l y i f fo r a l l L e r ( V ) we have L ( / ) 二 0 i f a n d 
o n l y i f / * ( L ) 二 A羞，where A = L { f ) w h i c h means A depends o n L. • 
/ 
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1.3 CR maps and imbedding of CR manifolds 
W e w i l l use t h e n o t a t i o n F : ( M , p) — ( M , p ) t o d e n o t e t h a t F is a m a p o f a n 
o p e n set i n o n e m a n i f o l d M i n t o a n o t h e r m a n i f o l d M w i t h F{p) 二 p. 
Definition 1.3.1 A map F : M 一 M is a CR map, with respect to the CR 
structures (M, V) and (M, V ) , if F^V C V. We write F : (M, V) — (M, V ) . 
Remark: I f f u r t h e r t h a t F is a d i f f e o m o r p h i s m , t h e n w e h a v e = V a n d F 
is c a l l e d C R i s o m o r p h i s m . I n t h i s case, M a n d M a re c a l l e d C R i s o m o r p h i c . 
Definition 1.3.2 A map F : (M，p) (M,p) IS a CR map with respect to a 
- - — - ‘ X-—-
CR structures (M, V,p) and (M, V,p) if there exists a neighborhood Up such that 
F^V C V for all points in Up. We write F : ( M , V,p) — ( M , V,p). 
Remark I f F is a d i f f e o m o r p h i s m f r o m ( M , p) t o ( M , 孙 t h e n F is c a l l e d l o c a l 
C R i s o m o r p h i s m a n d t h a t M a n d M a re l o c a l l y C R i s o m o r p h i c . 
Definition 1.3.3 A CR manifold (M, V) is realizable, if there exists some hy-
persurface Ml in C^+i such that M is CR isomorphic to Mi，where Mi has the 
induced CR structure. 
Definition 1.3.4 A CR structure (M, V,p) is realizable if there exists some hy-
persurface Ml in such that ( M , p ) is CR isomorphic to ( M i , q) where ( M i , q) 
has the induced CR structure. 
Proposition 1.3.5 Suppose F : (M, V) -> { M , V ) is a realization of (M, V ) . 
Write F = ( / i , . . . , /n+i). Then each f j is a CR function. 
Proof: L e t L b e a s e c t i o n o f C 0 T M , t h e n w e h a v e 
糊 二 • l + m ^ 
/ 
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Since F is a C R m a p , is t h e c o m b i n a t i o n s o f J j . T h i s i m p l i e s L { f j ) = 0 
f o r a l l j , hence each f j is a C R f u n c t i o n . 口 
T h e f o l l o w i n g is a n o b v i o u s converse o f P r o p o s i t i o n 1.3.5 
Proposition 1.3.6 If for each f j : M — € i s a CR function, where j = 1, ...，n+ 
1 and if for F 二 ( / i , . . . , / n + i ) we have that F { M ) is a smooth hypersurface in 
C+i and that F { M ) is a dijfeomorphism, then M is CR isomorphic to F{M) 
and hence M is realizable. 
Proof: B y P r o p o s i t i o n 1.2.6, we have C 丑。，“C^+i). A l s o , F . V C C 0 
T { F { M ) ) . T h i s c o m p l e t e s t h e p r o o f . • 
I n f ac t , we have a less o b v i o u s converse. I n o r d e r t o p r o v e i t , we g ive a l e m m a 
first. 
Lemma 1.3.7 Let M be a C⑴ real manifold with real dimension n and G : 
(M,p) — W such that G = (pi, ..”gn). Then the following conditions are equiv-
alent. 
(a) There exits a neighborhood Up of p for which M, = G{Up) is a smooth suh-
manifold of W and G \ Up 一 M' is a diffeomorphism. 
(h) At p, we have 
^— 
dgi 八..八 dgj A ... A dgn + 0 for some j = 1 , . . , n. 
where dgj means omit the term dgj. 
Proof: S ince G is a d i f f e o m o r p h i s m , t h e J a c o b i a n m a t r i x o f G a t p is o f r a n k 
n , hence t h e r e ex is ts a n i n d e x j such t h a t dgi 八…八 dg』八…A dgn • 0. 
Converse ly , we c a n use I m p l i c i t f u n c t i o n t h e o r e m t o s h o w t h a t G{Up) is a s m o o t h 
s u b m a n i f o l d a n d G : Up M' is a d i f f e o m o r p h i s m . • 
Remark: W e c a n r e f o m u l a t e t h e above l e m m a fo r m a p p i n g s i n t o C时 i . I n t h i s 
/ 
Projective geometry and biholomorphic mappings 17 
case, ( b ) b e c o m e s , a f t e r s u i t a b l e r e l a b e l i n g , 
dfi 八 dfi 八…八 dfn 八 dfn 八 dfn+i + 0. 
Proposition 1.3.8 (M, V,p) is realizable if and only if there exist functions / i , f n + i 
such that on a neighborhood Upof p, we have 
Lfk 二 0 / o r L e r V p O O , for all k (1.6) 
and ( i / i 八…八 ( i / n + i + 0. (1 .7 ) 
Proof: I f ( M , p) is r e a l i z a b l e , t h e n i t m a y i d e n t i f i e d w i t h s o m e h y p e r s u r f a c e 
{ ( > 1 , C 几 + 1 I V = (l){z,乏,u) }. 
L e t fa = z""" f o r a = 1,..., n a n d le t fn+i = U + i^Qz, z, u). S ince each f j is t h e 
r e s t r i c t i o n o f z^ t o M, L f j = 0 for L is a n y s e c t i o n o f V over ( M , p) a n d 
d f i / \ . “ / \ d f n + i = + 八…/\ dz""^ /\ du m o d 购 
+ 0 
Conve rse l y , i f w e have f j f o r j 二 1, . . , n + 1 f u n c t i o n s s a t i s f y i n g (1 .6 ) , t h e n b y 
P r o p o s i t i o n 1.2.6, F^V C i7o， i (Cn+i ) . C h o o s e a l o c a l bas is f o r y , 
w e c o m p l e t e i t t o a l o c a l bas is { L i , L ^ , L i , L n , U } f o r C 0 TM. Hence , b y 
(1 .7 ) , w e have 
dfi 八…八 dfn+i(M,…，Ln, U) ^ 0, 
w e assume 
d j \ 八…/\dfjjn,...,工n) 7^0. 
W e c l a i m t h a t 
dfi 八 . …八 dfn A dfi A .... A dfn A dfn+i + 0. (1 .8) 
/ 
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O t h e r w i s e , w e have 
dfn+l 二 AoAfa + Bpdfbe, 
a t s o m e p o i n t s . N o t e t h a t 
dfn+i{L^) = = 0 f o r 7 = 1 ,… , n . 
Since dfa(L^) = dfa{L^) a n d dfi 八 … 八 dfn(Li, + 0, w e have Bp 二 0 
f o r a l l p. Hence , w e o b t a i n dfn+i = Aadfa w h i c h c o n t r a d i c t s t o o u r a s s u m p t i o n 
dfi 八 . . .八 dfn+^i + 0. F i n a l l y f r o m (1 .8 ) , we c a n a p p l y L e m m a 1.3 .7 t o c o m p l e t e 
t h e p r o o f . • 
Theorem 2 Any real analytic CR manifold (M, V) is locally realizable. 
Proof: W e fix a p o i n t p e M a n d cons ide r a n e i g h b o r h o o d Up o f p i n M. 
W e le t { L i , ...，Ln} be a bas is o f V over Up. B y w r i t i n g ^ = — 
二 ！ ( 嘉 + a n d u s i n g M is a r e a l a n a l y t i c , we w r i t e 
2n+l Q 
La 二〉: , OL = n. 
fc二 1 
w h e r e x = ( x ^ ...,：2：2几+1) is c o o r d i n a t e s o n Up a n d Aak a re r e a l a n a l y t i c , c o m p l e x 
v a l u e d f u n c t i o n s o n Up. B y i n t e g r a b i l i t y c o n d i t i o n , we have 
n 
L a , L ^ ] = (1 .9) 
7=1 
w h e r e Bap-y are r e a l a n a l y t i c . W e c o m p l e x i f y each x ^ t o w h e r e k = 1 , 2 n + l . 
W e o b t a i n h o l o m o r p h i c v e c t o r s fields 
2n+l Q 
人 “ 之 ) 应 ， a 二 1，..，几, 
fc=l 
/ 
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w h e r e z = { z \ 一几+i). By 1.9, M i , M n satisfy 
n 
7 = 1 
H e n c e , b y t h e F r o b e n i u s t h e o r e m f o r h o l o m o r p h i c v e c t o r f i e lds , t h e r e e x i s t s ( 2 n + 
1) — n 二 n + 1 h o l o m o r p h i c f u n c t i o n s , n a m e l y , f i { z ) , / n + i ⑷ s u c h t h a t f o r a l l 
a = 1 , n a n d j 二 丄,…，n + 1 
M J j = 0 a n d dfi 八 … 八 dfn+i + 0. ( 1 . 10 ) 
L e t b e t h e r e s t r i c t i o n o f f j { z ) t o Imz^ = … = I m z ] 糾 = 0 ， t h e n b y ( 1 .10 ) 
w e h a v e Lagj 二 0 a n d dgi 八 . . .八 dgn+i + 0. H e n c e , b y u s i n g L e m m a 1.3.7 , w e 
c o n c l u d e t h e p r o o f . • 
1.4 Non-degenerate CR structures 
L e t ( M , y ) b e a C R m a n i f o l d . F i x e d a p o i n t p e M, n e a r p, w e l e t { l a , 
b e a l o c a l bas is f o r V n e a r p. C h o o s e s o m e r e a l v e c t o r U s u c h t h a t U is t r a n s v e r s e 
t o H a n d { L i , ...,Ln,工i,…,Tn, U} f o r m s a l o c a l bas is f o r C ( g ) T M n e a r p. H e n c e , 
L a , L ^ ] = i g a p U m o d { L i , … , L n , l a , L n } 
B y [ L a . ' L p ] = —[Lf3, L a ] , w e ge t {gap) is a H e r m i t i a n m a t r i x . 
R e m a r k : T h e m a t r i x g 二 (Pa/?) is o f t e n r e f e r r e d t o t h e L e v i f o r m . 
C l e a r l y , t h e m a t r i x (似） d e p e n d s o n t h e cho ice o f bas is . B u t w e c l a i m t h a t 
t h e s i g n a t u r e o f t h e L e v i f o r m is i n v a r i a n t u n d e r t h e c h a n g e o f bas is . S ince , i f 
--W 
{ L i , L n , 丄 1 ,…， L n , U } is a n o t h e r cho ice , t h e n 
Lry 二 A^pL p^ 
/ 
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a n d 
U = bU m o d { L i , . . . , L n } , 
w h e r e d e t ( A y p ) — 0, & is r e a l a n d n o n - z e r o . H e n c e , 
g 二 6—lA^^A* w h e r e A * 二（！^). 
so g has t h e s a m e s i g n a t u r e . 
Definition 1.4.1 (M, V) is non-degenerate at p e M if the rnMrix g{p) = gaf3 
at p is nonsingular. 
Definition 1.4.2 (M, V) is called strongly pseudoconvex at p, if g{p) is either 
positive definite or negative definite. 
Remark: I f t h e r e a l d i m e n s i o n o f M is 3, t h e n ( M , V) is n o n - d e g e n e r a t e i f a n d 
o n l y i f i t is s t r o n g l y p s e u d o c o n v e x . 
Example 1.4.3 Consider R3 二 {(之，以 + 切）6 (C�| i； 二 0 } C C], then by (1.2), 
w e h a v e l a = 羞 ， t a k e U = W e f o u n d t h a t g 三 0. H e n c e , M^ is n o w h e r e 
n o n d e g e n e r a t e . 
Example 1.4.4 Let Q - { (之 i ,…， z几， t i + zv) G C几+i | v = z'^z'' } be the 
h y p e r q u a d r i c i n t h e n b y u s i n g (1 .2 ) , w e ge t Lo^ 二备—Setting 
U = b 观 get 
_ d — — 
La, L f f ] 三 2i6a3T^ Hiod {Li,…，Ln, I/l, ..., L^}. 
ou 
H e n c e t h e m a t r i x (pc.^) 二 2Inxn s h o w i n g t h a t Q is p o s i t i v e d e f i n i t e a n d s t r o n g l y 
p s e u d o c o n v e x . 
/ 
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1.5 CR structures by means of differential forms 
F o l l o w E . C a r t a n a p p r o a c h t o d i f f e r e n t i a l g e o m e t r y , w e c o n s i d e r d i f f e r e n t i a l f o r m s 
r a t h e r t h a n v e c t o r fields. W e d e n o t e T * ( M ) t o b e t h e c o t a n g e n t b u n d l e o f M. 
C o n s i d e r ( M , V,p) o n a n e i g h b o r h o o d Up o f p i n M. L e t cjq b e a r e a l o n e f o r m 
o n Up s u c h t h a t u q a n n i h i l a t e s H , t h a t is a ; o (L ) 二 0 f o r L is a n y s e c t i o n o f 
C® H = V ^V ove r Up. L e t c^i, b e c o m p l e x o n e f o r m s o n Up, s u c h t h a t 
u j a { X ) = 0 , w h e n e v e r X G Tup{V). T h e n w e c o n s i d e r t h e space w h i c h is s p a n n e d 
b y t h e s e c t i o n s { u q , w e d e n o t e t h e space b y 丄 . N o t e t h a t , w e h a v e 
0；0八的八...八o;几八 i l ^ i八...八 ( IV i 0. 
W e see t h a t i f {c jq , is a n o t h e r cho i ce f o r 丄on Up, t h e n 
CJq = aUJQ, Cba = + BcM). 
w h e r e a ^ 0 a n d + 0. H e n c e t h e space 丄 is w e l l - d e f i n e d . N e x t , w e 
c l a i m t h a t 
d u A = 0 m o d { a ; o , c c；^ } , f o r A = 0, (1 .11 ) 
L e t X , Y b e sec t i ons o f V ove r Up. S ince [ X , Y] is s t i l l a s e c t i o n o f V ove r Up, w e 
h a v e 
dujAiX, Y) 二 X c J A ( y ) - y(^A{X) 一 r ] = 0. 
C o n v e r s e l y , i f w e de f i ne 丄 o v e r Up b y l i n e a r c o m b i n a t i o n s o f {c jq , ( l - H ) 
i m p l i e s t h a t i f X , Y a re s e c t i o n s o f V ove r Up, t h e n [ X , Y] is a n s e c t i o n o f V over 
Up. H e n c e w e p r o v e d 
Proposition 1.5.1 Given (M, V,p)； there exist complex one forms {o;�, 
on a neighborhood of p such that 
(jJq is real, 
a•；0八外..八叫A 八.…八(Dn + 0 
and dujA = 0 mod { c^o ,u ;^ } , for A = 0 , n . 
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Conversely, given such forms in « neighborhood of p, we can define 
(M, V,p) hy letting the annhilator 丄 be spanned by the forms {cjq, 
Example 1.5.2 L e t M b e a r e a l h y p e r s u r f a c e i n w i t h t h e i n d u c e d C R 
s t r u c t u r e V. C o n s i d e r a p o i n t p e M a n d Up b e a n e i g h b o r h o o d o f p i n M s u c h 
t h a t , Up is g i v e n b y 
{ ( 々 . . , 之几 + 1 ) | r ( z，乏 )二 0 } , 
w h e r e z == ( z ^ , 2："" + ^ ) . W e c l a i m t h a t w e c a n t a k e loq = i d r . 
C o n s i d e r X G T{TUp), w e h a v e 
d r { X ) = 0 
w h i c h m e a n s i d r \ u p is r e a l . N e x t , w e c o n s i d e r Y G Tup{H), w e h a v e 
Y + zJYe Tu,{V) C r�(丑。， 
T h a t is 
dr{Y + i J Y ) = 0 
i d r { Y ) = 0 
T h u s idr is a r e a l o n e f o r m a n d a n n i h i l a t e s H. 
W e c a n r e f o r m u l a t e t h e p s e u d o c o n v e x , n o n - d e g e n e r a t e p r o p e r t i e s o f C R m a n i -
f o l d s , C R f u n c t i o n s a n d C R m a p s as f o l l o w s . 
Proposition 1.5.3 Given let {luq, defines the CR structure V 
in a neighborhood Up of p in M. Consider 
dujQ 三 ihaf3UJa 八 m o d {a;。}. ( 1 . 1 2 ) 
/ 
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Then {ha^) is a Hermitian matrix and the CR structure is strongly pseudocon-
vex(resp. non-degenerate) if and only if {hap) is either positive or negative defi-
nite (resp. non-degenerate). 
Proof: S i nce cjq is r e a l , w e h a v e 
dUo = dujQ 三—iTlaf3。a 八邮 H i o d {c^ q}. 
三 八 Qqc m o d {cJo} 
H e n c e (Zi。/?) is a H e r m i t i a n m a t r i x . L e t { L i , . . . , ! / ” } b e t h e d u a l o f { u i , ...,0；几}, 
t h a t is uJaiLfs) = S^, t h e n { L ^ , … , Z ^ } is t h e d u a l o f { c ^ i , W e choose U t o 
b e t r a n s v e r s e t o H a n d uq{U) = 1 a n d Ua{U) = = 0, t h e n i t f o l l o w s t h a t 
{ L i , … , U } is a bas is f o r t h e s e c t i o n s o f V ove r Up. T h u s w e h a v e 
L a , L ^ ] = i g a ^ U m o d { L i , L n , I n , L ^ } . 
H e n c e t h i s g ives 
diUo{La, Lp) = La(^o{Lf3) — Lf3iJo{La) — o^i^ a, 
= - W a P ' 
O n t h e o t h e r h a n d , b y ( 1 .12 ) , 
duJo{La,Lp) 二 i�"(cj)八 c ^ p ) ( L c o L 》 
= i h a ( 3 
H e n c e , w e h a v e (々 《/?) = ( " a " ) . N o t i n g t h a t t h e p r o p e r t i e s o f n o n - d e g e n e r a t e 
a n d s t r i c t l y p s e u d o c o n v e x a re i n d e p e n d e n t o f t h e cho ices o f bas is . T h e r e f o r e , o u r 
P r o p o s i t i o n f o l l o w s . • 
Remark: I f t h e C R s t r u c t u r e is s t r o n g l y p s e u d o c o n v e x o r n o n d e g e n e r a t e n e a r 
s o m e p o i n t s , t h e n b y c h o o s i n g s u i t a b l e luq, w e m a y a s s u m e (hap) is t h e 
i d e n t i t y m a t r i x . 
/ 
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W e h a v e t h e f o l l o w i n g r e f o r m u l a t i o n s f o r C R m a p s a n d C R f u n c t i o n s . 
Proposition 1.5.4 Given ( A f , and {cjq, forms the CR structure V 
in a neighborhood of p in M. A function f is a CR function in the neighborhood 
of p in M with respect to the CR structure if and only if df is linear combinations 
of {cJo, 
Proof: I f / is a C R f u n c t i o n o n ( M , p ) , t h e n w e h a v e 
L(J) = 0 f o r L i s a n y s e c t i o n o f V o v e r ( M , p) 
w h i c h m e a n s df is l i n e a r c o m b i n a t i o n s o f {ct；。， iOn}- 口 
Proposition 1.5.5 A map F : {M,V,p) — ( M i , Vi,^) is a CR map with respect 
to the same CR structures given by and {6>o，...,6>n} if and only if 
F*{6a) is linear combinations of {cjq, c j ^ } . 
Proof: F^V C Vi i f a n d o n l y i f w e h a v e 6 U ( F * ( L ) ) 二 0 , V L , V A = 0, . . . , n , t h a t 




I n t h i s c h a p t e r we focus o n a b o u n d e d d o m a i n Q i n w i t h r e a l a n a l y t i c 
b o u n d a r y dQ. I t t u r n s o u t t h a t a c o m p l e x h y p e r s u r f a c e M d Q c a n b e c o n s t r u c t e d 
f r o m t h e r e a l a n a l y t i c b o u n d a r y dVt. T h i s c o m p l e x h y p e r s u r f a c e Man w i l l be 
c o n s i d e r e d as a c o m p l e x a n a l o g u e o f dCl. Man is r e f e r r e d as t h e Segre f a i m l i y 
asso ica ted t o t h e r e a l a n a l y t i c b o u n d a r y d Q . Bes ides, t h e space o f h y p e r p l a n e 
e l emen ts w i l l be i n t r o d u c e d i n t h i s c h a p t e r . L o c a l l y t h e r e is a n a t u r a l i d e n t i f i -
c a t i o n o f t h e space o f h y p e r p l a n e e l e m e n t s a n d t h e Segre f a m i l y asso ica ted t o a 
n o n - d e g e n e r a t e r e a l a n a l y t i c b o u n d a r y d Q . A m o r e gene ra l n o t i o n o f Segre f a m i l y 
w i l l be f o r m u l a t e d i n i t i a l l y . 
2.1 The Segre family associated to a real ana-
lytic hypersurface 
Definition 2.1.1 By a Segre family we mean a complex analytic hypersurface 
M in an open subset U C x C " + i， d e f i n e d up to a complex analytic auto-
morphism in each of the two factors. 
25 
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Remark: W e s u p p o s e t h e h y p e r s u r f a c e M C U he d e f i n e d b y a n e q u a t i o n 
w h e r e t h e l e f t - h a n d s ide is a c o m p l e x a n a l y t i c f u n c t i o n i n i t s t w o a r g u m e n t s . 
L e t d Q b e a c o n n e c t e d r e a l - a n a l y t i c b o u n d a r y o f a b o u n d e d d o m a i n Q i n 
L e t X = U x D d Q b e a s m a l l p iece o f d Q g i v e n b y a r e a l a n a l y t i c d e f i n i n g f u n c t i o n 
r x ( z , z ) w i t h drx 0 o n a n o p e n subse t Ux o f S ince r x { z , z ) is r e a l -
a n a l y t i c , w e m a y w r i t e r x i n p o w e r ser ies a n d t h e n r e p l a c e ^ b y a n e w c o m p l e x 
v a r i a b l e 《 . T h u s a h o l o m o r p h i c f u n c t i o n is d e f i n e d o n Ux x Conj{Ux), 
w h e r e Conj{Ux) d e n o t e s t h e c o m p l e x c o n j u g a t e set o f Ux. B y s h r i n k i n g Ux, w e 
o b t a i n a c o m p l e x h y p e r s u r f a c e , M x , i n Ux x Conj{Ux) g i v e n b y 
Mx •= {(之，QeUxX Conj{Ux) | t x { z , C) = 0 } . 
Definition 2.1.2 The above Mx is called the Segre family associated to X C 
dn. 
Remark: 1. Mx is i n d e p e n d e n t o f t h e cho ice o f t h e d e f i n i n g f u n c t i o n r x { z , z). I f 
r x { z , z) is a n o t h e r cho ice o f d e f i n i n g f u n c t i o n f o r X , t h e n fx(2：, z) = s{z, z ) r x { z , z) 
w i t h s{z,z) • 0. T h u s , 〒x、z,Q 二 s ( z , C ) O c 0 , C ) w i t h s{zX) 0 i f w e s h r i n k 
U x e n o u g h . 
2 . S ince dVt is c o n n e c t e d , w e o b t a i n a n i r r e d u c i b l e c o m p l e x h y p e r s u r f a c e Mon C 
C n + i X C n + 1 w h i c h c o i n c i d e s w i t h Mx f o r a n y X C dVt. 
Definition 2.1.3 Let Mx be the Segre family associated to X . We define Kx 
to be the analytic subset in Mx given by 
{d^rx 二 0} U {d^rx = 0} 
where d^rx = ^ d z ^ and d‘rx = ^c^Cfc 
/ 
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Remark: W e s u p p o s e t h a t Kx is a n o w h e r e dense s u b v a r i e t y o f Mx- N o t e t h a t 
M . X \ K x is s m o o t h . 
Example 2.1.4 Let X be the unit ball in then X is given by r x ( z , z ) 二 
zj乏j — 1 = 0. Hence, r x ( z , ( ) = z^Q — 1 and drx = d,r + d^r = Qdz^ + z^dQ. We 
getMx = {(么,C) 6 | —1 二 0 } andKx = { z^ = 0 } U { Q 二 • } . 
Note that Mx is defined on 
Definition 2.1.5 Let M be a complex manifold and T'M he its complex cotan-
gent bundle of type (1,0). Then the projectivized cotangent bundle PT'M is defined 
by [jp^j^FT^M where P T ^ M = {VM \ { 0 } ) / 〜and cu 〜r] if cu is a non-zero 
complex multiple of r j . 
Definition 2.1.6 A hyperplane element is defined by a point z G and a 
complex hyperplane p through it. 
T h e space o f h y p e r p l a n e e l e m e n t s c a n b e r e g a r d e d as t h e p r o j e c t i v i z e d c o t a n g e n t 
b u n d l e 
TT ： PT'Cr+1 — C^+i. 
I n d e e d i f w e l e t z G a n d a; G t h e n u; c a n b e w r i t t e n as i^dz^, w h e r e 
( z ^ , i s a c o o r d i n a t e s s y s t e m nea r z ‘ H e n c e o; = 0 de f ines a c o m p l e x 
h y p e r p l a n e p a s s i n g t h r o u g h 之. 
W e i d e n t i f y P T ' C ^ + i w i t h C ^ + i x P " a n d w e use a s t a n d a r d c h a t ( z ， G 
P T ' C时 1. 
T h e Segre f a m i l y Mx = C) = 0 c a n b e i n t e r p r e t e d as f o l l o w s . B y t a k i n g 
t h e second C几十工 ( ( -space) as a p a r a m e t e r space, w e m a y v i e w Mx \ Kx as a 
f a m i l y o f c o m p l e x h y p e r s u f a c e s = { z G : r ^ O , C) 二 0 } . W e c a l l each Qc^ 
a Segre h y p e r s u r f a c e asso i ca ted t o X. T h e i d e n t i f i c a t i o n o f Mx as a f a m i l y { Q ^ } 
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o f c o m p l e x h y p e r s u r f aces leads t o a n a t u r a l m a p S x ： M x \ K x — P T T 奸 i w h i c h 
m a p s each ( z , C ) e M x \ K x t o t h e t a n g e n t p l a n e t o t h e c o m p l e x h y p e r s u r f a c e 
Q ^ a t t h e p o i n t z. N o t e t h a t Sx m a p s a space o f d i m e n s i o n 2 n + 1 t o a space o f 
d i m e n s i o n 2n + 1. 
T h e m a p S x . . M x \ K x — P T T 时 i is d e f i n e d b y 
w h e r e c。= ^ f o r some c o n s t a n t c d e p e n d i n g o n (z, C)- W e c l a i m t h a t Sx is 
i n d e p e n d e n t o n t h e cho ice o f a d e f i n i n g f u n c t i o n . S ince 
w e h a v e 
(drx drx、 , . 
L e t r x { z , Q be a n o t h e r d e f i n i n g f u n c t i o n o f M x , t h e n t h e r e e x i t s a n o n - v a n i s h i n g 
h o l o m o r p h i c f u n c t i o n p{z, ( ) o n Mx s u c h t h a t f ^ O , C) = Q r x [ z , Q. H e n c e 
b y d i r e c t c o m p u t a t i o n , w e get 
drx ( ..drx 
(^X)eMx 二 (^X)eMx^ 
w h i c h m e a n s 
rdrx drx ^ — .drx drx 
[ 应 ： … ： ⑷ 她 二 谅 ‘ … . ( 碰 M x 
T h a t is, S x is w e l l de f i ned . 
Definition 2.1.7 Let M he a hypersuface in C andr = Q is a defining function 
for M, the Levi form of M at zq Lr,zo{0 ^^ the quadratic form 代口 on the 
space 丑 ( i , o ) ( M ) | 卯 = { e = … , r ) e C M 条 = 0 } . 
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Proposition 2.1.8 Let zq be a point of the real analytic hypersurface X C 
Then Sx is locally invertihle near (zq, zq) G Mx if and only if X has non-
degenerate Levi form at zq. 
Proof: L e t r b e a d e f i n i n g f u n c t i o n f o r Mx- B y L e m m a 1.2.5 we choose 
l o c a l c o o r d i n a t e s { z \ z^'^w) nea r zo s u c h t h a t 監O o ,乏o ) + 0. T h e n w e w r i t e 
C = (Ci,…,Cn,r]) so t h a t z 〜w,Ci, ...,Cn,rj) is t h e c o o r d i n a t e s o n Mx. W e 
use the coordinates … , … , P n ) ^ ( > 1 , … , z几 ,： ... ： Pn : 1]) on 
P T ' C ^ + i . T h e n u s i n g t h e l o c a l c o o r d i n a t e s , F is g i v e n b y 0 , C ) ^ {z,Pa) w h e r e 
Pa = ( W e w i l l use t h e n o t a t i o n 条 = r⑴監二 r奶悬二 严 ， 二 r f，e t c . ) . 
B y d i r e c t c o m p u t a t i o n we have t h e J a c o b i a n m a t r i x o f i n these l o c a l c o o r d i n a t e s 
i n t h e f o r m , 
。时 1 0 \ . (2.1) 
V * 
where Ag 二 rf — - r ^ r ^ r - ^ + r l r ^ ^ i v ” - 、 S o F is locally biholo-
morphic if teh matrix (Af ) is non singular. But this means the Levi form of r 
a t {zo,zo) is n o n d e g e n e r a t e . S ince we c a n t a k e 7 7 ( i , o ) ( M ) 卯 = = 0 } w h i c h 
means r a { z ) = 0 fo r a l l a , hence A》Oo,知）=rf 0。，乏。）二 ra/^O。，乏。）• N o t e t h a t 
i n t h i s case t h e L e v i f o r m a t (2:0, zq) is g i v e n b y ^ S ince t h e 
n o n - d e g e n a r c y o f t h e L e v i f o r m a n d t h e m a p F a re i n d e p e n d e n t o f t h e cho ice o f 
l o c a l c o o r d i n a t e s , t h e P r o p o s i t i o n fo l l ows . • 
W e s h a l l f ocus o n non -degene ra te r e a l a n a l y t i c hype rsu r faces . I n t h a t case we 
m a y , a t least l oca l l y , i n t e r p r e t Mx as t h e space o f h y p e r p l a n e e lements o f 
r a t h e r t h a n a c o m p l e x h y p e r s u r f a c e i n x B o t h i n t e r p r e t a t i o n s are 
usefu l . 
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2.2 G-structures on Segre family 
L e t Mx be t h e Segre f a m i l y asoc ia ted t o X a n d Kx be t h e a n a l y t i c subset i n 
Mx as de f i ned above . W e c o n s t r u c t a h o l o m o r p h i c c o f r a m e ( 6 > ,沪,O a ) o n a 
n e i g h b o r h o o d U o f {z , ( ) i n t h e f o l l o w i n g t w o cases: 
Case I . Suppose t h a t t h e d e f i n i n g f u n c t i o n r x sa t is i f ies 
為 隨 。 a n d 為 ( 泰 0 . 
L e t ZY be a n e i g h b o r h o o d i n Mx \ K x , such t h a t above i n e q u a l i t i e s h o l d fo r a l l 
p o i n t s i n U. W e de f ine l o c a l h o l o m o r p h i c 1 - f o r m s o n U: 
‘0 := = 每 d z j =-曳dQ 
< 沪 • = dza (2 .2) 
0a ‘ = C^o； 
\ 
w h e r e {0, a n d {0, Oa) a re b o t h l i n e a r l y i n d e p e n d e n t a n d ((9, 0^) is a 
h o l o m o r p h i c c o f r a m e o n M x -
Case I I . Suppose 
叙 乂 ) = 0 o r 為 寺 0 . 
W e t a k e a n y b i h o l o m o r p h i c m a p T U U d x w i t h {z, Q h 
T { z X ) : = ( / ⑷ , 9 ( 0 ) 二（乏s u c h t h a t 
drx , drx .. 
- — + 0 a n d — — — + 0 
游 奸 1 干 aCn+l 
o n i i , w h e r e tx : = rx 〇 D e f i n e a c o f r a m e {0,和,Oa) o n U b y rx as before . 
T h e n we o b t a i n a h o l o m o r p h i c c o f r a m e o n U b y t h e p u l l back , t h a t is 
0 : = r : = T * ( r ) , Oa : = (2 .3) 
T h u s we have a c o l l e c t i o n { { U , 0 ,沪,O a ) } o n M x \ K x s a t i s f y i n g t h e b e l o w p r o p o -
s i t i on . 
/ 
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Proposition 2.2.1 For any two elements ) and ( ZY*, 6>*, r^ , ) 
in the above collection with U r\W _ 访.We have 
= u0 
< = u^Q + u p ^ (2 .4) 
= vJ + v^Ofs 
V 
where are holomorphic functions satisfying u ^ 0, d e t ( u ^ ) • 0 
and. det{v^) j^O onUHW. 
Proof: L e t r x { z X ) b e t h e d e f i n i n g f u n c t i o n o n U. T h e n w e de f i ne 0 := 
i d . r x , 0a dz〜Oa ：二 dCa . L e t r ^ ( 2 : * , C * ) b e t h e d e f i n i n g f u n c t i o n o n IT. 
T h e n w e l e t 6** ：二 i d Z x , 『 • = d z ^ 、 ： 二 dC,a . 
B y t h e d e f i n i t i o n o f Segre f a m i l y , t h e h y p e r s u r f a c e is d e f i n e d u p t o a c o m p l e x 
a n a l y t i c a u t o m o r p h i s m i n each o f t h e t w o fac to rs , hence w e c a n w r i t e t h e change 
o f c o o r d i n a t e s i n t h e f o r m (z乂) ^ 0*，(*) = o n U n U\ w h e r e 
f { z ) = ( / I ⑷，...，广+1 ⑷ ) , " ( C ) 二 (仍 ( C ) , . . . , P n + i ( C ) ) . F o r s i m p l i c i t y , we w r i t e 
f r V^  •—彻 X f r 、 f 厂 个 一 拉 ( r ” . . — 仏 
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A l s o w e h a v e , 
『 = d z ^ ^ a 
- 射 a — 忙 d z i 
—对—dzi 
— d z 产 奸 1 
B y , 
. .drx . I . drx , ^ 
^ = 之 and 
W e g e t , 
ciz 奸 1 = .( \ ( ^ - z ( r x ) X ) . 
H e n c e w e h a v e , 
_ ( d r { r x ) ^ , 1 d r 
S i m i l a r l y w e g e t , 
— ( r x Y d g q 1 d g ^ 
L e t 
— ( 广 、 a _ ( r x ) / 3 了产 d g ^ { t x Y d g a 
u 二 糊 ， 、 二 丽 〜 = 严 aCn+i, 
^ — 1 a / ^ 1 d g a 
二 ^ ( r x ) n + i ” a C n + i . 
T h e n 沪 二 u e , = u p 日 = v % + v j . S ince 6 > * 八 八 6 > * 2 八 … 八 + 0, 
w e h a v e 
u e A { u ^ o + u l e ^ ) A . . . A [u '^e + ^ o 
H e n c e w e h a v e 
t z d e t ( i t 》 ) ( 9 A 6 > i A . . . A 『 7 ^ 0 
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Since 'a 0, w e h a v e d e t ( n ^ ) + 0. S i m i l a r f o r d e i { v ^ ) ^ 0. • 
I n v i e w o f (2 .4 ) , t h e a b o v e c o l l e c t i o n de f ines a h o l o m o r p h i c 
G - s t r u c t u r e Qx o n Mx \ Kx w h e r e G is t h e g r o u p o f a l l c o m p l e x m a t r i c e s 
( u 0 0 、 
n 。 1 ^ 》 0 . (2 .5 ) 
\ ^a 0 作） 
w i t h U J ^ O , d e t [ u f i + 0, d e t {v"^) + 0. 
L o c a l l y , 沪 d i f f e r f r o m cb几+1 b y a n o n - s i n g u l a r t r a n s f o r m a t i o n , so 
t h e s y s t e m [ 0 = 6°' = 0 } is c o m p l e t e l y i n t e g r a b l e . S i m i l a r l y , 0, d i f f e r f r o m 
dCx, dQn+i b y a n o n - s i n g u l a r t r a n s f o r m a t i o n , so t h e s y s t e m {6> = ^二 0 } is a g a i n 
c o m p l e t e l y i n t e g r a b l e . H e n c e , w e have , 
‘dG 三 三 0 mod{e,ea、 
< (2.6) 
dO 三(Wa 三 0 mod((9, Oa) 
\ 
w h i c h is i n v a r i a n t u n d e r t h e change o f (2 .4 ) . H e r e t h e c o m p l e t e l y i n t e g r a b l e 
d i f f e r e n t i a l s y s t e m s {0 = 9'^ = 0 } a n d {6 = 60, = 0 } de f i ne t w o f o l i a t i o n s {z 二 
constants} a n d {( 二 constants} o f Mx r e s p e c t i v e l y . 
L e t (jU, 0,沪,〜）be i n G - s t r u c t u r e we have 
dO 三 iq⑶a A mod{0) 
f o r some h o l o m o r p h i c f u n c t i o n s q^. T h e c o n d i t i o n 
d e t ( g f ) + 0 (2 .7 ) 
is i n v a r i a n t u n d e r t h e change o f (2 .4) . 
Definition 2.2.2 Let M be any ( 2 n + l ) dimensional complex manifold with a 
holomorphic G-structure Q, where G is the group of all complex matrices ( 2 . 5 ) . ^ 
is called integrable if (2 .6 ) is satisfied. And the integrable G-structure Q on M is 
called non-degenerate, or M is called non-degenerate, if (2 .7 ) is satisified for any 
coframe {9, Oa) at any point of M . 
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Proposition 2.2.3 Let zq e X C with (z,z) e Mx. Then, Mx 仏 non-
degenerate at {ZQ.ZQ) if and only if X has non-degenerate Levi-form at ZQ. 
Proof: B y L e m m a 1.2.5, w e c a n assume t h a t r { z , z ) is a d e f i n i n g f u n c t i o n o f 
X nea r zq, such t h a t 
f)r Br 
知 —0. 
a n d t h e complex tangent p l a n e a t z。is g i v e n by { (CV.., r + O ^ C几+i | C 奸 丄 = • } . 
H e n c e n o n - d e g e n e r a c y o f t h e L e v i f o r m means t h a t t h e m a t r i x ( ^ 二 动 ) i s n o n -
s i n g u l a r . O n t h e o t h e r h a n d , r { z X ) is a d e f i n i n g f u n c t i o n fo r Mx nea r (^0,^0)-
So w e have t h e f o r m s 0 = id^r, = d C a , 沪 = t h i s i m p l i e s 
3 r 
de = i ^ - ^ d z ^ A dCp mod {0}. 
T h e p r o p o s i t i o n f o l l ows f r o m ^ ^ ^ O o , 乏 0 ) = ^ ^ ^ O o ，乏 0 ) f o r r e a l - a n a l y t i c f u n c -
t i o n s . • 
F r o m p r o p o s i t i o n 2.1.8, w e have t h e f o l l o w i n g co ro l l a r y . 
Corollary 2.2.4 Let zq e X C with {z,z) e Mx- Then, Mx is non-
degenerate at (zo, ZQ) if and only if the map Sx : Mx \Kx — PT'C 几+1 is locally 
invertible near (之0，乏0) ^ Mx 
Remark: I f Mx is non -degene ra te a t P, we m a y choose a c o f r a m e 沪,0a), 
ca l l ed a n o r m a l i z e d co f r ame , near P, such t h a t 
dO = iO'' A Oa mod{0). 
Definition 2.2.5 Let Mi and M2 be complex manifolds with G-structure Qi and 
02 respectively. Any local biholomorphic map, F, from Mi to M2 which preserves 
the G-structures: if 6 := := i^*(如），〜：二 F,a)，then {0,0^, 0^) is in 
the G-structure Qi, where {0, Oa) is a coframe in the G-structures Qi. Then F 
is called a local isomorphism of G-structures. 
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Remark: F r o m (2.6) we see t h a t ( G , 沪 ) a n d { 0 , 0 ^ ) genera te s u b m a n i f o l d s o f 
T'M. A l t e r n a t i v e l y , w e c a n h a n d l e o u r G - s t r u c t u r e ^ o n as fo l l ows . 
L e t b e a c o m p l e x m a n i f o l d w i t h c o m p l e x d i m e n s i o n 2 n + l . A G - s t r u c t u r e 
0 o n • M is g i v e n b y h o l o m o r p h i c s u b b u n d l e A,B C T'M such t h a t t h e f i b re 
d i m e n s i o n o f A ( resp. B,Ar\B) is n + 1 ( resp. n + 1 , 1 ) . A basis ((9,6>仪’6^ o f T'M 
is ca l l ed a c o f r a m e o f 0 i f (9 G A 门丑， G A , 6 
Example 2.2.6 Let X { ^ G t / x | r x { z , z ) = 0 } be a r e a l a n a l y t i c h y p e r -
su r face i n C几+1 a n d Mx { i ^ X ) ^ x Conj(Ux) | rx{z,Q = 0 } be i t s 
asso ica ted Segre f a m i l y as be fo re . L e t Kx be t h e a n a l y t i c subset o f Mx de f i ned 
i n {2.1.3).Then on M x \ K x , 视 have the ranks of the Jacobian of the projections 
[ z X ) ^ z and (z , ( ) ^ C o/re all equal to n + 1. Then M x \ K x has the canonical 
G-structure Qx, where Ax (resp. Bx) ^s generated by dz] (resp. generated by 
d ( j ) and Ax 门 Bx is generated by 
e - 、 z 产 — d C j 
Proposition 2.2.7 Let Mx = { rx{zX) = 0 } and Mx' 二 { = • } 
be two Segre families associated to real analytic hypersurfaces X , X' C 
respectively. Suppose {zqX^) ^ Mx and ^ Mx'- Let F he a local bi-
holomorphic map from Mx to Mx' with F{zoX^) 二 (^C。). Then F is a local 
isomorphism of G-structures if and only if F is the restriction of a local biholo-
morphic map from x to x given by (z,C) (/0)，p(C)). 
Proof: Fo r t h e ” i f， p a r t , i t f o l l ows b y t h e c o n s t r u c t i o n o f t h e i n d u c e d G -
s t r u c t u r e i n (2.2) a n d (2.3) . 
For t h e " o n l y i f p a r t , we cons ider near A s s u m e 
(rxT '^ ^ 0, ( rx)n+i + 0 a n d (r；^,广+ 0, (r^On+i + 0 (2.8) 
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h o l d s a t (勿，C。）and (2r&，C。），respectively. W e d e f i n e c o m p l e x s u b m a n i f o l d s o f 
Mx, ^z ：二 Mx n {{z} X and E^ Mx H (C^+i x {(})• Similarly, we 
. c a n d e f i n e t w o s u b m a n i f o l d s I / : , M x ' 门 { { z ' ] x C几+ i ) a n d Y!。：二 Mx'门 
( C 时 1) X { C } ) for some (z'’C') ：二 F ( z , 0 . Note that, is a leaf of 6> = 6>“ = 0 
a n d Y i , is a l e a f o f = 沪 ' = • H e n c e , b y F is a n i s o m o r p h i s m o f G - s t r u c t u r e s , 
F ( E ^ ) = f o r s o m e F u r t h e r i f z is n e a r ZQ, t h e n T! is n e a r ^ is u n i q u e . B y 
+ 0 , t h e r e is a C s u c h t h a t (z, C) G M x , so is n o n - e m p t y . H e n c e , w e c a n 
d e f i n e f { z ) = z' b y t h e c o n d i t i o n F ( E ^ ) 二 YI^,. S i m i l a r l y , w e c a n d e f i n e = C 
b y F ( E ^ ) = T h u s i f (之,0 is n e a r F(之,C) = ( / ⑷ W e c l a i m 
t h a t f is b i h o l o m o r p h i c , h e n c e g f o l l o w s i n t h e s a m e w a y . L e t S = { 0 , 0 ^ 
Mx I Cc 二 (XDi. T h e n 5 is a holomorphic submanifold of Mx and 几+i 
g i ve c o o r d i n a t e s o n S. S ince S is t r a n s v e r s e t o e a c h F{S) is t r a n s v e r s e t o 
each E ? . T h i s i m p l i e s … , 之 几 a r e c o o r d i n a t e s o n F{S). F\s ： S ^ F{S) is 
a b i h o l o m o r p h i s m , h e n c e / is a b i h o l o m o r p h i s m . 
I f (2 .8 ) is n o t s a t i f i s i e d , w e t a k e a b i h o l o m o r p h i s m Hi : Mx — MHI(X) a n d 
H2 ： Mx' 一 MH2{X') i n t h e f o r m , 
( z ⑷ 輪 (2.9) 
w h e r e aj a n d bj a re c o n s t a n t s . H e n c e w e ge t a c o m m u t a t i v e d i a g r a m 
F 
Mx ^ Mx' 
H^l 丨 i/2 (2.10) 
MHX{X) 、 MH2{X') 
so t h a t ( 2 .8 ) is s a t i s i f i e d f o r 丑lO。，：。）^  H八Mx) 二 MH^X) a n d ^ 
H2{MX') = MH2{X')- T h u s b y u s i n g a b o v e a r g u m e n t o n F*, w e h a v e F*(z, C ) = 
(f*(z),g*(C)), h e n c e w e h a v e t h a t F = ( 恥 ] o F* o Hi is a lso i n t h e r e q u i r e d 
f o r m . • 
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2.3 Local Computations 
L e t Mx C X be the Segre family associated to a real analytic hy-
persurface X C and be a defining function for Mx. Let P ⑷ = 
(之(o尸,^/；⑷乂么…,”⑷）e ^ ^ such t h a t 
( ⑶ P ( 。 ) … ⑶ P ( 。 ) 邦 （2.11) 
B y t h e I m p l i c i t f u n c t i o n t h e o r e m , t h e r e ex is ts a u n i q u e h o l o m o r p h i c f u n c t i o n 
(a, r j ) nea r (z—尸,Ci。), ” ⑷ ) s u c h t h a t w = p(2；。, Ca, Hence , we m a y rep lace 
t h e d e f i n i n g f u n c t i o n r x = 0 h j w - Ca, v ) = 
Fo r s i m p l i c i t y , w e le t 
Pa .—如a, P •—火0’ ^ . drf Pa. dz-dC日' 
~ ：二 d ^ ' 
as f u n c t i o n s o f Ca, V- N o t e t h a t 
Pa^ = Pf3a' (2 .12) 
B y (2.11) a n d t h e I m p l i c i t f u n c t i o n t h e o r e m aga in , nea r 尸,C&),"(o))，we have 
a u n i q u e h o l o m o r p h i c f u n c t i o n 77 二 ,w, Ca). Hence , we m a y use 0"，秘,Ca) 
as c o o r d i n a t e s near P ⑷ . T h e n c a n be r e s t r i c t e d o n Mx as 
f u n c t i o n s o f va r iab les z ^ , w , (a-
Cons ide r dp。= Pafsdz^ + p^dCp + pldr] o n C。奸2 Since o n Mx we have 
dw = Padz"^ + p^dCf3 + p^df], hence we get 
, dw — Padz^ — P^d(j3 
dri = ’ 
‘ pn 
a n d 
如 = ( 邮 - 警 + f - + - 警 K " . (2 .13) 
N o t e t h a t dp^ is w e l l de f i ned b y a fac t ⑷） + 0 f r o m (2.11) 
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Proposition 2.3.1 Let Mx be the Segre family assoicated to a real analytic 
hypersurface X C . Let 
satisfying {2.11). Then the following statements are equivalent: 
( i ) M x i s non-degenerate at F\o). 
( i i ) O^O'^.O^are linearly independent near 尸⑷ where 
0 i(dw — Padz^) 
: = dza 
Oa : = + q^dCp 
and qi..= p i - P 等 . 
(Hi) The determinant, d e t ( g f 0. 
Proof: B y ( 2 . 1 1 ) , w e h a v e p ” ( F \ o ) ) ^ 0. H e n c e , q^ is w e l l - d e f i n e d n e a r 
B y ( 2 . 1 2 ) a n d ( 2 . 1 3 ) , w e h a v e 
dO = d{idw - ipadz"^) = -idpa 八 dz""" 
={Pa^dz^ + ^0 + q^M 
= I D Z " " A {PAI3DZ^ + OA) 
= I O " " A OA. 
T h e r e f o r e , Mx is n o n - d e g e n e r a t e n e a r ⑷ . T h i s s h o w s ( i i ) i m p l i e s ( i ) . 
N e x t w e k n o w t h a t t h e n o n - d e g e n e r a c y is i n d e p e n d e n t o f t h e c h o i c e o f c o f r a m e s . 
H e n c e ( i ) i m p l i e s ( i i i ) . 
S i n c e w e h a v e 0 ,沪,G a is l i n e a r l y i n d e p e n d e n t n e a r F\o) i f a n d o n l y i f 
A 八 . . . 八 A 6>I 八…八 
二没 A c/z i 八…八 dzn 八（‘没 + g f c i C ^ ) 八. . .八 { ^ 0 + q诚p) 
= OAdz'^ A ... A dz"" A (gfdC/3) A ... A、q 诚“ 
= idet {q^){dw 八 dz!八...A A dCi A . . .八 dCn) 
O a t P(o). 
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T h a t is d e t (gS)|j^(。）^ 0. T h i s s h o w s ( i i i ) is e q u i v a l e n t t o ( i i ) . • 
Remark: 
1 . I f a t e Mx w e h a v e 祭 # 0 a n d 乾 0 b u t ( r ^ ) . = 0 o r ( r ^ ) ^ 二 0, 
t h e n w e m a y use t h e l i n e a r t r a n s f o r m a t i o n ( 2 . 9 ) , so t h a t ( r x ) w + • a n d ( r x ) ” + 0 
i n n e w c o o r d i n a t e s . 
2. I f ( 2 . 11 ) is s a t i s i f i e d , w e c a n use e i t h e r t h e c o o r d i n a t e s ( z 。， C a ) o r (z、如，”《). 
S i n c e i f P G Mx sa t i s i f i es (2 .11 ) a n d Mx is n o n - d e g e n e r a t e a t P. T h e n w e 
c o n s i d e r a h o l o m o p h i c m a p n e a r P , 
丑：C2n+2 — 奸2, 
(y\w,Ca,r/) ^ (Z 〜W,Pa,rj) 
a n d i t s J a c o b i a n m a t r i x is 
( 1 0 0 0 \ 
0 / 0 0 
* * pf * 
、 0 0 0 I 
Use t h e c o o r d i n a t e s {z'^.wXa) n e a r P. R e s t r i c t i n g H o n Mx n e a r t h e p o i n t P, 
i t i n d u c e s a h o l o m o r p h i c m a p ( z ' ^ . w X a ) ^ { z ' ^ . w . p a ) w h o s e J a c o b i a n m a t r i x is 
( 1 0 0 、 
0 / 0 . 
— 極 pI 
\ yoifJ pT] pv Jra pn j 
is n o n - s i n g u l a r b y P r o p o s i t i o n 2 .3 .1 . H e n c e w e c a n use t h e c o o r d i n a t e s (2：""， 
U n d e r t h i s n e w c o o r d i n a t e s , t h e f o r m s <9, b e c o m e 
0 = i{dw — Padz""), Oa = r = dpa — papdz^ ( 2 .14 ) 
w h e r e 二 p戸《 a re h o l o m o r p h i c f u n c t i o n s . N o t e t h a t t h e c o o r d i n a t e s s y s t e m 
w a s used i n [ C I ] a n d t h e f o r m u l a (2 .14 ) is t h e s a m e as t h e o n e i n [ C I 
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w h e r e Paf3 was d e n o t e d b y ra(3. 
.Example 2.3.2 Let D :={ {z,w) G C^ | |^ |2n < 丄}，where n e Z+. Note 
t h a t D is t h e u n i t b a l l w i t h respec t t o t h e n o r m | | (>, t ( ; ) | |2 = 几 + i n t h e 
H i l b e r t space C ^ . B y f u n c t i o n a l ana lys is , i t was k n o w n t h a t D is b i h o l o m o r p h i c 
t o t h e u n i t b a l l i n C ^ , i f a n d o n l y i f n = 1. W e are g o i n g t o show t h a t t h e r e 
ex is ts a p o i n t (z，z) G dD such t h a t t h e asso ica ted Segre f a m i l y o f dD, Mod, is 
degenera te a t , w h e n n > 1. 
Since r x { z , Q = + w几rf" — 1 , 观 have 
drx n-l n 加X n n-1 
二 nui^ ^if, -—- = nw几rf 
dw or] 
T a k e Po = ( 0 , 1 , 0 , 1 ) G M o d - T h e n 
£ ( p 。 H " 。 ， 勢 p 。 、 = " O 
Since, 
(1 — ？C")去 
w - p(z, C, r]) == near P。 
W e have, 
I _ 1 PiP^ — 
Qi = Pi _ 下二 — (1 -




A n a l o g o u s t o t h e gene ra l s t u d y o f equ iva lence p r o b l e m o f r e a l hype rsu r faces i n 
W e c o n s t r u c t a p r o j e c t i v e s t r u c t u r e b u n d l e y over t h e Segre f a m i l y Mx 
of a r ea l a n a l y t i c h y p e r s u r f a c e X. T h e r e is a h o l o m o r p h i c C a r t a n c o n n e c t i o n , 
ca l l ed t h e H a c h t r o u d i c o n n e c t i o n o n t h e b u n d l e . 
3.1 Construction of the frame bundle over Segre 
family 
L e t Mx be t h e Segre f a m i l y asso icated t o a n o n - d e g e n e r a t e r e a l a n a l y t i c h y p e r -
sur face X C C ^ + i . F r o m (2 .2) , we have de f i ned a l - f o r m 6 o n De f i ne t h e 
h o l o m o r p h i c b u n d l e S over Mx b y 
S:={ (P , uO ) I P e ^ M x , u j ^ O } 
a n d cons ider a l - f o r m uj o n S , g i ven b y 
uj{T) = uO{7t,T), fo r T G TS\^p,u0), 
w h e r e tt : 8 M x is t h e n a t u r a l p r o j e c t i o n . 
T h e n t h e l - f o r m u is i n t r i n s i c a l l y de f i ned o n S a n d hence i t is also a g l o b a l 
41 
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h o l o m o r p h i c 1 - f o r m o n 
L e t P e M x . S ince Mx is n o n - d e g e n e r a t e , t h e r e is a n e i g h b o r h o o d U oi P 
i n Mx s u c h t h a t t h e r e a re h o l o m o r p h i c 1 - f o r m s 沪 a n d Oa o n U s a t i s f y i n g : 
‘ d £ 三 dOa 三 0, mod((9, r ) 
< dO 三(Wa 三 0， mod(6>, r ) 
dQ = + G /\办 
\ 
f o r s o m e h o l o m o r p h i c 1 - f o r m (j) o n U . 
W e de f i ne a h o l o m o r p h i c p r i n c i p a l b u n d l e Y over w h e r e 8\U ：= { {P,U9) | P G 
U, n 0 } . C o n s i d e r a l l sets o f 1 - f o r m s o n 8\u , 
⑴⑴(j)) 
s u c h t h a t , 
(a ) uj is as above . 
( b ) c j " is t h e p u l l b a c k u n d e r t h e p r o j e c t i o n o f s o m e m u l t i p l e o f 
( t h a t is, c j " 二 + u'^O f o r some h o l o m o r p h i c f u n c t i o n s vf^ a n d u"^ w i t h 
d e t { u f } • 0 . ) 
(c) ijJoc is t h e p u l l b a c k u n d e r t h e p r o j e c t i o n o f some m u l t i p l e o f 
- ( t h a t is, uJa = Vcf i + v^Op fo r some h o l o m o r p h i c f u n c t i o n s a n d v"^ w i t h 
d e t ( v ^ ) + 0. ) 
(d) duj 二 iuja A cJc + Cc； A (/). 
T h e set y o f a l l such { u j . u j ' ^ . u j ^ , (f)) is a p r i n c i p a l b u n d l e over 8\u w i t h t h e s t r u c t u r e 
g r o u p G i g i v e n b y t h e c o m p l e x m a t r i c e s 
( 1 0 0 0、 
… 淳 0 0 . (3.1) 
vp 0 ^^  0 
、 t iVocU^ — i u ^ v ^ 1 
/ 
Projective geometry and biholomorphic mappings 43 
w h e r e t is a c o m p l e x f u n c t i o n a n d u2,Vj 二 记. 
H e n c e t h e 1 - f o r m s 
u) = uO, 
cj" = upP + 
oja = yJ + V^Op, 
, du , 』 . v p u f ^ 肌.J作 Q 
6 二 ——+ 妙+ + 已Son 
U U U 
w h e r e u + 0,u》《=uS^, are g l o b a l l y a n d i n t r i n s i c a l l y de f i ned over ；V. 
T h e l o c a l b u n d l e y 8\u g ives a h o l o m o r p h i c b u n d l e y 8 w i t h g l o b a l l y 
d e f i n e d 1 - f o r m s uj'^.uOa a n d 小 are g l o b a l l y de f i ned o n y . 
B y a s t a n d a r d c o m p u t a t i o n s , we get t h e f o l l o w i n g k e y l e m m a . 
Lemma 3.1.1 [CI] There are n^-\-2n-{-l more uniquely determined holomorphic 
1 forms (/)"",(/)》，卢 and xp on y such that the forms 
are linearly independent and satisfy: 
d(jj — iuf" uj t\ (\) 
du/" 二 c/八(/)》+ u;八 
duJa 二 （/)冷 A + CJc^  八(/) + Cc；八 
d 小 = i u f " (l)a + 坤a /\ UJa + ⑴/\ • 
dcj)"^^ = (jPa /\ (tJ^i + iuJo^ /\ - u/ _ /\ u f ) 
dcjf" 二 小 /\ (If" + (^P /\ — + 妒 
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where 
二 S 3 ; 八 ⑴ a Riy⑴ N ⑴ ' N ⑴1 
and 
qpo- _ qpa _ na/3 
^ag — 。Qa —。olq 
二 RP 
乂、ori — L7Q； 
rpa-f _ jrya 
- l / a 
Paf3 = P(3a 
and 
The forms </>》,（/)",功 are completely determined by these conditions. 
T h e f i r s t ( n + 2)^ — 1 e q u a t i o n a b o v e a re c a l l e d t h e structure equations a n d t h e 
f o r m ^ a re c a l l e d curvatures. 
T h e s i g n i f i c a n c e o f t h e a b o v e l e m m a is t h a t i t g i ves a c o m p l e t e set o f l o c a l 
i n v a r i a n t s f o r t h e e q u i v a l e n c e o f Segre f a m i l i e s u n d e r G - s t r u c t u r e s i s o m o r p h i s m . 
T h i s is s t a t e d m o r e p r e c i s e l y i n t h e f o l l o w i n g p r o p o s i t i o n . 
Proposition 3.1.2 Let Mx and M'x' be two Segre families associated to two 
real anaytic hypersurfaces, X , X' C C几+1 and y and y be the corresponding 
principal bundles constructed as above. Then there exists a local isomorphism 
of G-structures from Mx to Mx' if and only if there exists a local biholo-
morpism, f from y to y such that the forms {cu, a;^, (/>, (l)a, V^} on 
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Y and { u / , a4,ccr,(^、(/>》'，…於'} on Y have the relation: UJ = = 
/*(u4)，。" 二 f 明 , 小 = n n r m ' ) = 略 / * ( 幻 二 r . n r ) 二 ⑷ -
x j j . . • 
Proof: S u p p o s e f : Mx — M'x' is a l o c a l i s o m o r p h i s m o f G - s t r u c t u r e s . 
~ A 
T h e n f i n d u c e s a m a p / : S 8', so t h e r e is a n i n d u c e d m a p / : 一 y . S ince 
/ is a l o c a l b i h o l o m o r p h i c m a p , so is / . B y o u r c o n s t r u c t i o n o f t h e r e s p e c t i v e 
p r i n c i p l e b u n d l e s , / p u l l s b a c k J . u " ^ t o 〜 u j a , 小 . S i n c e d c o m m u t e s 
w i t h t h e p u l l b a c k , f 寫 ) , f 言 、 , s a t i s f y t h e s a m e c o n d i t i o n s as 
於》，小⑴ i>. H e n c e o u r a s s e r t i o n f o l l o w e d b y t h e u n i q u e n e s s o f L e m m a (3 .1 .1 ) . 
C o n v e r s e l y , i f w e h a v e a m a p f ： y Y w h i c h p u l l s b a c k t h e f o r m s o n y t o t h e 
A 
f o r m s o n y , t h e n / w i l l p u l l b a c k t h e f i b e r o f y t o t h e f i b e r o f y , h e n c e f i n d u c e s 
a l o c a l b i h o l o m o r p h i c m a p , / f r o m S t o 广，so / i n d u c e s t h e l o c a l i s o m o r p h i s m 
f :Mx — M'x'. 口 
3.2 The associated Cartan Connection 
T h e f o l l o w i n g l e m m a w i l l b e v e r y u s e f u l i n o u r s t u d y . I t is s t a n d a r d f r o m F r o b e -
n i u s T h e o r e m a n d t h e u n i q u e n e s s o f t h e f u n d a m e n t a l t h e o r e m o f o r d i n a r y d i f f e r -
e n t i a l e q u a t i o n s . 
Lemma 3.2.1 Let aa and a^ be 1-forms on n dimensional real (resp. real an-
alytic or complex) manifolds M and M, respectively, a = 1 ,2 ,…，n . Let p e M 
and p e M . Suppose A …八 X^n 0 and A …八 0 仏 neighborhoods of p 
in M and of p in M, respectively. Suppose that on some neighborhoods of p and 
P, 
da at 二 Cajd^CTf^ A da a = Caf3々f3 A 
where Ca^j are some constants. Then there exists a unique local smooth diffeo-
morphic (resp. real analytic or biholomorphic) mapphing F with F{p) = p and 
/ 
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Proof: L e t [ / , U b e n e i g h b o r h o o d s o f p a n d p i n M a n d M , r e s p e c t i v e l y . 
D e f i n e 6 = cr^ — b e 1 - f o r m s o n [ / x [ / b y 
二 (兀* : r ) — ~ ( 开 * T ) f o r T e T { U x U) 
w h e r e tt :U xU ^ U a n d ^ : f / x a re t h e n a t u r a l p r o j e c t i o n s o n t h e f i r s t 
a n d s e c o n d f a c t o r ofU x U, r e s p e c t i v e l y . 
H e n c e , 
dSa 二 ddoi — ddoc 
二 响 ( 即 八 ( ^ 7 — ^ l ) + (即—〜八斤 7 ) 
= C 响、 C T f S 八 e ? + 0/3 八 
T h i s i m p l i e s { 6 ^ } g e n e r a t e a c l o s e d d i f f e r e n t i a l i d e a l a n d w e c a n a p p l y t h e F r o b e -
n i u s t h e o r e m , t h a t is, n e a r t h e r e is a n d i m e n s i o n a l r e a l m a n i f o l d ( resp . 
r e a l a n a l y t i c o r c o m p l e x ) N o n w h i c h r e s t r i c t s g i v e z e r o . W e c l a i m t h a t N is a 
g r a p h ove r U n e a r {p,p). C o n s i d e r X G T s u c h t h a t tt^X 二 0 , b y = 0 
for a = 1 , 2 , ...,n’ then it follows that 5 • “ 开 = 0 for all a, hence 7r*(X) = 0 . 
T h i s i m p l i e s t h a t t t* is a n i s o m o r p h i s m , h e n c e ttI^v ： N 1/ is A l o c a l d i f f e o m o r -
p h i s m ( resp . r e a l a n a l y t i c d i f f e o m o r p h i s m o r b i h o l o m o r p h i s m ) n e a r (p,p). L e t $ 
b e t h e c o r r e s p o n d i n g i n v e r s e o f Trl^v n e a r (p,p). T h e n w e h a v e tt o ^ = id, h e n c e 
w e h a v e ^(p) = (p,F(p)) n e a r (p,p), w h e r e F .. U 一 N• I t c a n a lso b e s h o w n 
t h a t 开* is a n i s o m o r p h i s m , h e n c e ^ o $ == F is a l o c a l d i f f e o m o r p h i s m ( resp . r e a l 
a n a l y t i c d i f f e o m o r p h i s m o r b i h o l o m o r p h i s m ) n e a r N o t e t h a t r e s t r i c t e d t o 
N , w e h a v e 
<1>*6« 二 B a ^ * = 0 
T h i s i m p l i e s 
/ 
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t h e n 
(tdyaa - F?a 二 0. 
H e n c e w e have F * a a = (Ta. 
F o r t h e un iqueness , i f 少： [ /一 s u c h t h a t 屯 (p ) = p a n d 屯 二 c r … C o n s i d e r 
屯 - 1 o 给..U 一 U, t h e n 
o = p, (>1^  — 1 。 剩 - (Joe. 
Hence , b y t h e un iqueness o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n ,屯— i o 二 i d e n t i t y , 
t h a t is 屯 = 少 . • 
L e t us r e c a l l some use fu l p r o p e r t i e s o f L i e g r o u p . Suppose G is a n n d i m e n -
s i o n a l L i e g r o u p w i t h L i e a l g r e b a g. A l e f t - i n v a r i a n t l - f o r m a; o n G is ca l l ed a 
Maurer-Cartan form. T h e Maurer-Cartan connection o f t h e L i e g r o u p G asso-
c ia tes t o each X G T{G) t h e l e f t - i n v a r i a n t v e c t o r field t h a t i t genera tes , 
X ^{V = {Lg),X :geG}. 
T h a t is t h e M a u r e r - C a r t a n c o n n e c t i o n o n G is g i v e n b y t h e g - v a l u e d l - f o r m uj 
s u c h t h a t 
uj{A) = A, \/A e g. 
H e n c e UJ is l e f t - i n v a r i a n t o n G. L e t 五 i , 五 2 , 五 n be a basis fo r t h e L i e a l g e b r a g 
a n d w r i t e 
UJ = 
w h e r e u"^ is a r e a l v a l u e d l - f o r m . I t c a n be s h o w n t h a t each ⑴。is a M a u r e r - C a r t a n 
f o r m , a n d { c j ^ , u j ' ^ } is l i n e a r l y i n d e p e n d e n t . T h u s 
duf" = 八 uP, 
/ 
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w h e r e C 各 a re t h e c o n s t a n t s . T h i s is t h e s t r u c t u r a l e q u a t i o n o f t h e L i e g r o u p G. 
N o t e t h a t t h e M a u r e r - C a r t a n c o n n e c t i o n is g i v e n b y t h e M a u r e r - C a r t a n f o r m s 
, , 1 , , n 
H e n c e we have t h e f o l l o w i n g r e s u l t . 
Lemma 3.2.2 Let f be a local diffeomorphism from a Lie group G to G which 
preserves all Maurer-Cartan forms, then f must be a left translation. 
Remark: I f w e i d e n t i f i e d t h e L i e a l g r e b a w i t h t h e r i g h t i n v a r i a n t v e c t o r f i e ld , 
t h e n t h e a b o v e r e s u l t s t i l l h o l d s excep t i t ' s a r i g h t t r a n s l a t i o n . 
L e t S a n d Y b e t h e c o r r e s p o n d i n g h o l o m o r p h i c l i n e b u n d l e a n d p r i n c i p a l f i b e r 
b u n d l e over Mx c o n s t r u c t e d as above. B y l e m m a ( 3 . 1 . 1 ) , w e de f ine 
‘ 二 2a;, < = � + 1 = 2 “ ’ 
< = <X\ - < - (3.2) 
V 
D e f i n e 
( 冗 0 冗n+1 \ 
TTq …TTQ 
TT — ： ： 
\ ^ n + 1 . . . 兀 n + 1 / 
T h e n t t is a u n i q u e m a t r i x o f 1 - f o r m s w i t h va lues i n sl{n + 2, C ) w h i c h is t h e 
L i e a l g e b r a o f t h e spec ia l l i nea r g r o u p SL{n + 2, C ) , t h a t is sl{n + 2 , C ) = { ^ G 
5 L ( n + 2 , C ) I 力 r ⑷ = 0 } . 
Proposition 3.2.3 t t is a Cartan connection on the principal bundle y over 8. 
Proof: W e r e c a l l t h e d e f i n i t i o n o f a C a r t a n c o n n e c t i o n . G i v e n A ^ Qi, t h e 
L i e a l geb ra o f G i ( w e s h a l l t a k e Qi t o b e t h e set o f right i n v a r i a n t vec to r f ie lds o n 
Gi), we d e n o t e b y A* t h e c o r r e s p o n d i n g v e r t i c a l v e c t o r f i e l d o n y i n d u c e d b y t h e 
/ 
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a c t i o n o f Gi o n y . Fo r g e Gi we need t o show t h a t t t sat is f ies t h e c o n d i t i o n s 
( i ) c ^ (A* ) = A， 
( i i ) (Lg)*7r = ad(g>, 
( i i i ) 7r{X) = 0 i f a n d o n l y i f X = 0. 
N o t e t h a t ( i i i ) is t r i v i a l b y o u r c o n s t r u c t i o n o f t t . H o w e v e r , t t t a k e va lues i n 
( n + 2 ) x ( n + 2 ) m a t r i c e s a n d G i is ( 2 n + 2 ) x ( 2 n + 2 ) m a t r i c e s , so i n o rde r t o show 
t h a t t h e c o n d i t i o n s ( i ) a n d ( i i ) m a k e sense. W e cons ide r t h e f o l l o w i n g m o d e l 
space. T h e m o d e l space is t h e r e a l h y p e r q u a d r i c g i v e n b y { ( z ^ …’之几+丄 G 
C ^ + i I Imz几+1 = z '^z '^} . W e c o m p l e x i f y t h e r ea l h y p e r q u a d r i c t o o b t a i n t h e c o m -
p l e x h y p e r q u a d r i c Q a n d t h e n we e m b e d i t i n t o P几+i x P几+i b y u s i n g z。，…之几+工 
as h o m o g e n o u s c o o r d i n a t e s fo r t h e f i r s t P ^ + i a n d Co, ...,Cn+i as h o m o g e n o u s co-
o r d i n a t e s fo r t h e second T h e n Q is g i ven b y 
圣 ( 之 时 I C o - C n + l 之 。 ) + 仏 = 0 
W e def ine < A C 〉二 C n + i + t h e n Q is g i v e n b y < ( 〉 二 
B y u s i n g s u i t a b l e change o f coo rd i na tes , Q c a n be w r i t t e n as 二 0. I n o t h e r 
w o r d s , Q is t h e i nc idence s u b v a r i e t y i n x P^+i*，P几+1* is t h e p r o j e c t i v e space 
o f h y p e r p l a n e i n O u r m o d e l Segre f a m i l y Q is t h e f a m i l y o f h y p e r p l a n e s i n 
p n + i W e need t h e f o l l o w i n g d e f i n t i o n . 
Definition 3.2.4 A Q-frame is an ordered set of (2n+2) vectors Z。，...，Zn+i,沪， 
…，Z几+1 in C几+2 such that < Z^ >= h^ where 
l < A , B < n 
p - i A = 0,B = n + l 
hi:〈 ^ 
i A = n-\-l,B = 0 
0 otherwise 
\ 
and d e t ( Z q , …， Z ^ + i ) = d e t ( Z ^ = 1 
/ 
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O b s e r v e t h a t a n e l e m e n t ( a会 )o f SL(n + 2, C ) ac t s o n Q - f r a m e s b y 
二 CL^^B 
Z * ^ 二 h么l/fhBDZD 
w h e r e is g i v e n b y 昭 a g = 昭 ， a n d 的 " g = 权 . T h e r e is one a n d o n l y one 
e l e m e n t o f sl{n + 2 , C ) t a k i n g one Q - f r a m e t o a n o t h e r . F i x e d one Q - f r a m e as a 
re fe rence , t h e n SL{n + 2, C ) c a n b e i d e n t i f i e d w i t h t h e set o f a l l Q - f r a m e s . N o t e 
t h a t , i f { Z a , Z ^ } is a Q - f r a m e , t h e n b y t h e f a c t t h a t < Zq , 2 ^ 。 > = 0, [Zq, Z^' 
is a n e l e m e n t o f t h e c o m p l e x h y p e r q u a d r i c Q G I T + i x P ^ + i . So, t h e a c t i o n 
o f sl{n + 2 , C ) o n t h e set o f Q - f r a m e s i n d u c e s a n a c t i o n o n Q. N o t e t h a t Q 
is h o m o g e n o u s u n d e r t h i s a c t i o n . L e t K b e t h e g r o u p o f m a t r i c e s (e6艮)where 
二 1, t h e n K w i l l fix Q p o i n t w i s e a n d 5 / ( n + 2, C)/K ac t s o n Q e f fec t i ve ly . 
L e t H b e t h e i s o t r o p y s u b g r o u p o f sl(n + 2 , C ) , t h a t is t h e s u b g r o u p f i x i n g 
ZO, G Q. T h e m o s t g e n e r a l c h a n g e o f Q - f r a m e l e a v i n g t h e p o i n t [Zq, Z^] fixed 
is 
Zo 二 tZg 
Za — ta^O + 
w h e r e 
ta det { t i ) = l (3 .3) 
So H is t h e g r o u p o f m a t r i c e s 
t 0 0 
ta t 0 . 
T T^ a 
s a t i s f y i n g (3 .3 ) . N o t e t h a t Q ^ SL{n + 2, C ) / H . 
T h e M a u r e r - C a r t a n f o r m s tt受 o f SL{n + 2, C ) are g i v e n b y 
d Z A = TT^ZB (3 .4) 
/ 
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T h e s t r u c t u r e e q u a t i o n s 
dTT^ 二 ^A^B 
are o b t a i n e d b y d i f f e r e n t i a t i n g (3 .4) . 
W e r e l a t e SL(n + 2，C) — Q t o — Q , w h e r e y is t h e b u n d l e o f co - f rames 
{cu ,u ; ^ , c ja , 0 } i n t h e f o l l ow ings . 
I n n o n - h o m o g e n o u s coo rd i na tes . Q is g i v e n b y 
C n + 0 - 仏 = 0 
Hence , 
UJ = uO = u(idzr) 
= - iCadz"") 
O n t h e o t h e r h a n d , cons ider a Q - f r a m e Z^ w i t h [Zq, Z^] G Q. We w r i t e 
— 力 ( 1 , 之 1 , . . . , 之 几 + 1 ) 
Z 。 = C l , … ’ Cn+l) 
F r o m (3 .4) 
< dZo, Z。>= TFS+L < ^ N + l , ZO > 二 ^TtS+I 
O n t h e o t h e r h a n d , 
< dZo, Z ' > = < (1,之 1 , … ？ ， + t ( 0 , dz\ , Gb 奸 1), 1(1, Cl, Cn+l) > 
= a ] d t < (1, ..., Z 时 1), (1, Cl, Cn+l) > 
+ 切- 1 < > 
Set 
u = ta_i 
/ 
Projective geometry and biholomorphic mappings 52 
W e have, 
uj = = —i< dZo, Z^ > . 
S i m i l a r l y , w e c a n r e l a t e t h e c o o r d i n a t e s t , ( T , t 》 , t a , T 〜 T ( o n Q - f r a m e s ) t o t h e 
c o o r d i n a t e s u^.Vjs.u'^, s ( o n t h e f ibers o f ；V). 
F r o m (3.3) a n d co = - i < dZo, Z^ > , we see t h a t u n d e r t h e change o f Q - f r a m e , 
c j* = t—i(7u;. S ince w e c o n c e n t r a t e o n y over S b u t n o t y over Q, w e r e s t r i c t 
ourse lves t o t h e s u b g r o u p Hi o f H g i v e n b y N o t e t h a t u is i n v a r i a n t 
u n d e r H i . I t is easy t o s h o w t h a t , u n d e r t h e change o f Q - f r a m e i n H i , 
< c j , = -ita&uf + 射 f 碎 （3.5) 
(j) = 2{ra - t f ) u ; * - U ( 3 ⑴ ， + 2 记 + 0 * 
whe re , 
i a i i 0 = t , t f 0 . 
Y f f^ a J Y r r^ a J 
F r o m (3 .5) , t h e m a t r i x o f coef f ic ien ts is a n e l emen t o f t h e g r o u p G i . Hence , we 
have a m a p Hi —> G i , w h i c h is a h o m o m o r p h i s m . I t s k e r n e l is t h e g r o u p K , H i / K 
is i s o m o r p h i c t o Gi. T h u s , we m a y cons ider Gi as a s u b g r o u p o f 5 X ( n + 2, C ) / K . 
So, TT is we l l - de f i ned . N o t e t h a t t h e L i e a lgebra , g ! , o f G i is i d e n t i f i e d w i t h t h e 
L i e a lgeb ra o f Hi v i a t h i s i s o m o r p h i s m . Since K is d isc re te . Hi a n d H i / K have 
t h e same L i e a lgebra . 
W e have s h o w n t h a t t t is we l l -de f ined . W e need t o show ( i ) a n d ( i i ) h o l d . 
F i r s t , f r o m L e m m a (3.1.1) a n d ou r d e f i n i t i o n o f t t , t h e s t r u c t u r e equa t i ons c a n 
be w r i t t e n as 
C/TT = TT 八 TT + n 
/ 
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w h e r e 
( — _ $ 7 0 0 \ n+2 
n = —i屯 0 . (3.6) 
丄丄 ^^a ^a n+2 a 7 
\ n+2 / 
T h u s i f we r e s t r i c t t t t o t h e f i b e r o f y over S , w e o b t a i n a ^ f i - va lued f o r m 
s a t i s f y i n g dm 二 tt /\7t. B y u s i n g F r o b e n i u s t h e o r e m , t h e r e is a m a p f r o m Gi 
t o fiber w h i c h p u l l s t t b a c k t o t h e M a u r e r - C a r t a n f o r m o f G i . I f ( i i ) ho lds , 
t h e m a p w i l l b e e q u i v a r i a n t w i t h respec t t o t h e l e f t a c t i o n o f G i , t h e n ( i ) w i l l 
f o l l o w f r o m t h e p r o p e r t i e s o f t h e M a u r e r - C a r t a n f o r m o f G i . So i t suf f ices t o 
s h o w ( i i ) . I n o r d e r t o s h o w ( i i ) ho lds , we l e t t t * = ad[g)7r ,(开 二 (丄“)、)and 
de f ine u;*, c j * " , < , e t c . , (c j , e tc . ) b y (3 .2 ) . B y u s i n g t h e t r a n s f o r m a t i o n o f 
(cj，a;",cj…etc.), one calculates that u;* = lj^uj*'' 二 二 小私=各 Note 
t h a t TT*,开 sa t i s f y t h e p r o p e r t i e s i n L e m m a (3 .1 .1 ) , hence b y un iquessness, t t * 二 开. 
• 
Definition 3.2.5 A Segre family M is called flat if the associated II 三 0. 
Proposition 3.2.6 A Segre family is flat if and only if it's locally isomorphic to 
the complex hyper surf ace. 
Proof: N o t e t h a t t h e f o r m t t o n y , w h i c h is t h e p r i n c i p a l b u n d l e over t h e 
Segre f a m i l y , sat is f ies t h e s t r u c t u r e e q u a t i o n o f SL{n + 2, C ) i f a n d o n l y i f i t is 
f l a t . T h e n b y F r o b e n i u s t h e o r e m , t h e r e is a l o c a l m a p F : y — SL{n + 2 , C ) 
w h i c h p u l l s b a c k t h e M a u r e r - C a r t a n f o r m o f SL{n + 2, C ) t o t t . B y u s i n g s i m i l a r 
a r u g m e n t i n t h e p r o o f o f P r o p o s i t i o n (3 .1 .2) , F i nduces a n l o c a l i s o m o r p h i s m o f 
Segre f am i l i e s f : M — Q. • 
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3.3 Formulation in terms of Projective Connec-
tion 
T h e r e are , a t leas t , t h r e e w a y s o f l o o k i n g a t a p r o j e c t i v e c o n n e c t i o n : as a con -
n e c t i o n i n v e c t o r b u n d l e , as a c o n n e c t i o n o f one f o r m s , o r as a c o n n e c t i o n i n a 
p r i n c i p a l b u n d l e . 
T h e s t a r t i n g p o i n t is t h e m o d e l space, t h e c o m p l e x p r o j e c t i v e space P几. 
p n : : ( c n + 1 \ { 0 } ) / 〜 
w h e r e O 。 , 之 ” ^g h o m o g e n o u s c o o r d i n a t e s f o r P ^ a n d ( z ^ , . . . , z ” 〜 ( 切 . . . , w ” 
i f a n d o n l y i f t h e r e ex i s t s 入 G C \ { 0 } s u c h t h a t ( w ^ , v f ' ) 二 ( A ? , . . . , A ? ) . 
P几 i n h e r i t s a l i n e a r s t r u c t u r e f r o m t h e v e c t o r space s t r u c t u r e o f F o r i n -
s tance , a l i n e i n P几 is t h e i m a g e o f a t w o d i m e n s i o n a l subspace o f u n d e r 
t h e c a n o n i c a l m a p : C ^ + i \ { 0 } — F ^ . T h i s l i n e a r s t r u c t u r e is e m b o d i e d i n t h e 
i d e n t i f i c a t i o n o f a t a n g e n t d i r e c t i o n a t a p o i n t o f P " w i t h a l i n e t h r o u g h t h e p o i n t . 
Definition 3.3.1 A projective frame (Jor IT)is a basis Z = (Zq, Zn) for C^+i. 
L e t F b e t h e set o f a l l p r o j e c t i v e f r ames . T h e n i t c a n b e i d e n t i f i e d w i t h GL{n + 
1, C). T h e r e is a n a t u r a l p r o j e c t i o n F ^ P ^ g i v e n b y (Zq, ^ Z q . ( T h r o u g h o u t 
t h i s sec t i on , w e s h a l l abuse t h e n o t a t i o n a n d i d e n t i f y a p o i n t i n \ { 0 } w i t h 
t h e c o r r e s p o n d i n g p o i n t i n P ” . T h e t r i v i a l b u n d l e E = x P ^ has a n a t u r a l 
s u b b u n d l e H本,the f i b e r o f H* over a p o i n t Zq G P ^ b e i n g t h e l i n e A Z 。 i n C 时 I . F 
m a y be v i e w e d as t h e p r i n c i p a l b u n d l e o f f r a m e s { Z q , ..., Zn) f o r E w i t h Zq G H*. 
T h e g r o u p o f F is t h e g r o u p o f i n v e r t i b l e m a t r i c e s 
� � l . (3.7) 
十 fOi 
L e t Q = E/H* a n d 0。,…，之” be h o m o g e n o u s c o o r d i n a t e s f o r P 〜 t h e n a s e c t i o n 
Zo o f H* c a n be g i v e n b y Zq =(之。，…,^ny T h u s dZo = (dz、, dz^) : T P " — E. 
/ 
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W e m a p E — TP几 b y i d e n t i f y i n g t h e f i b e r o f E w i t h t h e t a n g e n t space t o C ^ + i 
a t Zo i n t h e u s u a l w a y a n d t h e n p r o j e c t i t o n t o T z S " " - H e n c e 
T p n ^ E — T P 几 
is a n i s o m o r p h i s m . 
N o t e t h a t t h e k e r n e l o f t h e second m a p is H* a n d dZo ： T I T — (J is a n i s o m o r -
p h i s m . T h i s d e p e n d s o n t h e s e c t i o n Z。, b u t i t g ives us a n a t u r a l i s o m o r p h i s m 
T P ^ ^ Hom(H*, Q). W e r e m a r k t h a t d ( w h i c h t o o k us f r o m Zo t o dZo) m a y b e 
v i e w e d as t h e n a t u r a l flat c o n n e c t i o n o n E. 
Definition 3.3.2 A projective connection on a manifold E of dimension n is 
(1 ) a rank {n-hl)vector bundle E 
(2 ) a suhhundle L* of E of rank one 
(3) a connection D : V{E) — T(E ^ T * E ) on E such that the map T E - > 
Hom{L*,E/L*) is given by X ^ {Zq ^ k{DxZo)) where k is the quotient map 
E — E/L* is an isomorphism. 
Since 
入 別 = k ( X D x Z o + dX(X)Zo) 
二 X k [ D x Z Q ) w h e r e A G C ' ^ ( X ) , 
Zo ^ k { D x Z o ) is w e l l de f i ned . 
R e c a l l t h a t t h e M a u r e r - C a r t a n f o r m s cu受 f o r G L ( n + 1, C ) a re g i v e n b y d i f f e ren -
t i a t i n g t h e n a t u r a l f u n c t i o n Za : F — t h a t is cIZa 二 ⑴ ^ Z b . 
S i m i l a r l y , i f w e have a p r o j e c t i v e c o n n e c t i o n {E, L*,D), we m a y de f i ne t h e b u n d l e 
o f p r o j e c t i v e f r a m e s F{E) = f r a m e s ( Z q , Zn) f o r E w i t h Zq G L * . W e c a n t h e n 
de f ine f o r m s o n F{E) b y DZa = O^Zb w h e r e is a C a r t a n c o n n e c t i o n o n 
F{E). 
I n d e e d , w e c o u l d have d e f i n e d a p r o j e c t i v e c o n n e c t i o n t o b e a p r i n c i p a l b u n d l e 
F{E) w i t h g r o u p o f m a t r i c e s (3 .7) a n d a gl{n + 1, C ) - v a l u e d C a r t a n c o n n e c t i o n 
/ 
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0 = ( A c o n n e c t i o n o n a v e c t o r b u n d l e is e q u a i v a l e n t t o a c o n n e c t i o n o n a 
p r i n c i p a l b u n d l e w h e r e t h e c o n d i t i o n s (1) a n d (2) o f D e f i n i t i o n 3.3.2 are c o n t a i n e d 
i n t h e f o r m o f m a t r i c e s (3 .7 ) ) . 
I f we t a k e a s e c t i o n Z = (ZQ, ..., ZN) o f F{E), w e c a n p u l l b a c k t h e C a r t a n con-
n e c t i o n t o a m a t r i x o f one f o r m s ( 0 ^ ) o n t h e base m a n i f o l d . A n y o t h e r s e c t i o n 
Z * 二 is o b t a i n e d f r o m Z b y t h e a c t i o n o f a m a t r i x S o f t h e f o r m 
(3.7)， 
TT 二 SZ 
T h a t is, 
= tZo 
Z^ = taZo + t^Zp. 
T h e m a t r i x ) t h e n t r a n s f o r m s b y t h e r u l e 
O"" = S-^DS + SOS-\ (3 .8) 
T h i s i m p l i e s t h e t h i r d d e f i n i t i o n o n p r o j e c t i v e c o n n e c t i o n s ( C h e r n a n d G r i f f t h s ' 
" w o r k i n g d e f i n i t i o n " ) - a p r o j e c t i v e c o n n e c t i o n b e i n g a c o l l e c t i o n o f one f o r m s 
0 = (0^) o n E de f i ned u p t o a t r a n s f o r m a t i o n o f (3 .8) . C o n d i t i o n s (1) a n d (2) o f 
d e f i n i t i o n (3.3.2) are a g a i n c o n t a i n e d i n t h e f o r m o f m a t r i c e s (3.7) w h i l e c o n d i t i o n 
(3) is same as 
A... 7^0. 
T h i s d e f i n i t i o n is equ i va len t t o t h e f i r s t t w o a n d is sa id t o be t h e easiest t o 
w o r k w i t h . N o t e t h a t GL{n + 1 , C ) does n o t ac t e f f ec t i ve l y o n P几，but SL{n + 
1, C ) I center ac ts o n e f fec t ive ly . So, we cons ider o n l y p r o j e c t i v e f rames (Z。，...，Zn) 
of d e t e r m i n a n t one a n d f r o m ( I Z A = ^ A ^ B , we get tr{0)三 套二 0. 
Chapter 4 
Riemann Mapping Theorem 
4.1 Preliminary 
T h e o b j e c t i v e o f t h i s c h a p t e r is t o p resen t t h e gene ra l i zed R i e m a n n m a p p i n g t h e -
o r e m f o r h i g h e r d i m e n s i o n s o f C h e r n a n d J i . I n t h e i r p r o o f , t h e a u t h o r s cons ide r 
t h e n o t i o n o f t h e space o f h y p e r p l a n e e l emen ts p r c ^ + i . T h e m e r i t f o r u s i n g 
P T ' C ^ + i is i t s s i m p l e s t r u c t u r e . 
Definition 4.1.1 LetVt C be a domain and its boundary dO^ be smooth(resp. 
real-analytic) then the boundary is said to be sphecial if dft is locally (resp. real-
analytic) CR-isomorphic to the unit sphere 
W e f i r s t m e n t i o n t h e f o l l o w i n g t h r e e g l o b a l r esu l t s over t h e s p h e r i c a l b o u n d a r y dQ. 
Lemma A ( E x i s t e n c e o f t h e C R - s t r u c t u r e [ C a ] , [ C M ] ) Let ft be any hounded 
domain in CT^+i with connected real smooth boundary and non-degenerate Levi 
form. Then there is an induced CR-structure principal fibre bundle Y over dVt 
with Cartan connection. 
Lemma B ( E x t e n s i o n o f some h o l o m o r p h i c m a p s [ P i l ] ) Let n be a hounded 
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domain with connected real analytic spherical boundary. Let U he a connected 
neighborhood of a point p e dQ in C几+i. Let 7 a continuous real curve in d^ 
started from p. Let f : U — f { U ) C be a biholomorphic map such that 
f { U N dQ) C Then f extends along ^ as a locally biholomorphic map. 
Lemma C ( R i e m a n n m a p p i n g t y p e t h e o r e m [ P i 2 ] ) Let O be as in Lemma B. 
Suppose dVt is simply connected. Then d^l is CR-isomorphic to the unit sphere 
肪几+1. 
A n a l o g o u s t o t h e t h r e e g l o b a l r e s u l t s , w e a r e g o i n g t o p r e s e n t t h e f o l l o w -
i n g g l o b a l r e s u l t s ove r t h e d o m a i n f t , i n s t e a d o f o v e r d f l . 
Theorem A Let Q C be a hounded domain whose boundary is connected, 
real analytic, and spherical Then there is a neighborhood ^^o of Q in (C几+1 with 
Q C C QO； such that the induced G-structure extends holomorphically to a unique 
non-degenerate G-structure on FT'CIq. 
Theroem B Let ft C be a hounded domain with connected real analytic 
spherical boundary. Let U he a connected neighborhood of a point 之⑴）G dVt in 
C + i . Let 7 be any continuous real curve started from 2:(o) such that 7 is inside 
the closure U. Let f : U ^ f { U ) C C ^ + I be a biholomorphic map such that 
F { U N D N ) C Then: 
(a) f extends along j as a locally bimeromorphic map. 
(h) If，in addition, either Vi is simply connected, or the Jocabian d e t ( D f ) off is 
a non-zero constant, then f extends along j as a locally biholomorphic map. 
Theorem C Let Cl C be a simply connected hounded domain with con-
nected spherical smooth boundary. Then ft is biholomorphic to the unit ball 
/ 
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召 n+l c C 几+1. 
If t h e b o u n d a r y o f f t is c o n t i n u o u s o n l y , w e c a n i m p r o v e o u r T h e o r e m s A 
a n d B i n t h e f o l l o w i n g c o r o l l a r i e s . W e say t h a t s u c h d ^ is s p h e r i c a l , i f f o r a n y 
p o i n t o f d f t , t h e r e is a n e i g h b o r h o o d U i n C ^ + i a n d a m a p f d e f i n e d o n [ / f l O 
s a t i s f y i n g : 
f : [ / n H - ^ U n 炉+1 is a homeomorphism. 
〜 （4.1) 
i t s r e s t r i c t i o n f : U n f l - ^ U n 召 时 i is b i h o l o m o r p h i c . 
\ 
Corollary 4.1.2 Let Q C C^+i be a hounded domain whose boundary is con-
nected, continuous and spherical Then there is a unique non-degenerate G-
structure on P T ' O induced by any local map f satisfying ( 4 . 1 ) . 
Corollary 4.1.3 Let ft C be a hounded domain with connected continuous 
spherical boundary. Let U he a connected neighborhood of a point ：^⑴）G dQ. in 
Let 7 be any continuous real curve inside Cl except the initial point ：^⑴）. 
Let f be a local map satisfying (4.1) near 之⑴）.Then we have: 
(a) f extends along ^ as a locally bimeromorphic map. 
(b) If Cl is simply connected, then f extends to a locally biholomorphic map on ft 
and extends to a locally homeomorphism on O. 
T h e f o l l o w i n g g e n e r a l i z a t i o n s a re i m p o r t a n t i n o u r s t u d i e s . 
4.2 Generalizations of Poincare's theorem 
R e c a l l t h a t i f is t h e u n i t b a l l i n C 几 w i t h t h e b o u n d a r y t h e n 
t h e a s s o i c a t e d Segre f a m i l y is a s m o o t h c o m p l e x a f f i ne h y p e r s u r f a c e i n 11犯竹+1 x 
C o n j { U d B ” . + i 、 g i v e n b y 
炉+ 1 = { ( z , 0 I Z ¥ 0, C 0, 0 = 0 } , (4 .2 ) 
/ 
Projective geometry and biholomorphic mappings 60 
w h e r e [/肪n+i = \ { 0 } a n d T[Z, C ) = Z^Q 二 1. 
W e e x t e n d t o a s m o o t h p r o j e c t i v e a l g e b r a i c h y p e r s u r f a c e , d e n o t e i t s 
e x t e n s i o n b y 肪 n + i a g a i n , i n P 时 i x P 奸 i g i v e n b y 
{([之0 :之 1 ：…：之n+i]’ [(0 ： Cl ：…：Cn+lD G『+1 X P 糾 I 么0(0 - z^Q = 0 } (4.3) 
Lemma 4.2.1 [CJ1](A generalized Poincare's theorem in terms of Segre fam-
ilies)Let U C be an open connected subset with 0 H C 
X Let F : U — F{U) C be a holomorphic mapping which is in 
the form of 
F{z^Xk) = ( / ( l)(^."，^+ lV) , / ( l ) (C&) , . . . , / (n+l ) (C , ) ) 
such that 
F{U n 肪n + l ) C MdBr^-hl. 
Then F extends to be a birational mapping from to A^aB”+i such that 
r{j)f k\ = + 汉i之 1 + ... + 汉之 
, - a g + + …+ 
蛇 + +…+〜时iCn+i 
械 " - + + … + 
with bp ai are all complex numbers. 
Proof: B y P r o p o s i t i o n 2 .2 .7 F is a l o c a l i s o m o r p h i s m o f G - s t r u c t u r e s a n d 
h e n c e i t i n d u c e s a l o c a l b i h o l o m o r p h i c m a p T f r o m y ^ B 州 t o y ^ B ^ + i s u c h t h a t 
二 (7j, w h e r e { d i , … ’ (7(_2)2—1} 二 {o ; , c j、a;……，功} a re t h e {n + 2f — 1 
f o r m s o n y 旭 n + i a n d t h e y a re t h e s a m e f o r m s i n L e m m a 3 .1 .1 . F r o m t h e p r o o f o f 
P r o p o s i t i o n 3 .2 .3 w e h a v e ；Va沪+1 = SL、n + 2 , C ) . T h e r e f o r e , T i n d u c e s a l o c a l 
b i h o l o m o r p h i c m a p ^ f r o m 5 L ( n + 2, C ) t o 6 X ( n + 2，C) s u c h t h a t ^ * ( 7 r f ) = T r f , 
w h e r e t t ^ a re t h e M a u r e r - C a r t a n f o r m s ( t h e l e f t i n v a r i a n t f o r m s ) o n S X ( n + 2, C ) . 
T h i s f o l l o w s f r o m L e m m a 3 .2 .2 t h a t ^ m u s t b e a l e f t t r a n s l a t i o n o f SL{n + 2 , C ) . 
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H e n c e 于 i nduces a n a c t i o n o n MDBN+I C I T + i x P 奸 i . So t h e m a p F w h i c h 
i n d u c e s T m u s t be a l i nea r t r a n s f o r m a t i o n o f x I T + i . F w i l l be i n t h e o f 
t h e des i red l i nea r f r a c t i o n a l m a p w h e n r e s t r i c t f o n C 时 i x C 奸 i w i t h t h e n o n -
h o m o g e n o u s c o o r d i n a t e s Cfc)- 口 
L e m m a 4 .2 .1 c a n be r e s t a t e d i n t h e f o l l o w i n g s . 
Corollary 4.2.2 [CJl] Lei •M肪n+i he given in (4.3). Suppose U,U,V,V are 
connected open subsets in P 几+i such that {U x V) D • M 肪 n+i If f :U - ^ U , 
g : V ^ V are biholomorphic maps such that 
( / X g){[U X y ] n MdBn+i) C 
then f and g are restrictions of elements of PGL{n + 2, C ) . 
T h e f o l l o w i n g c o r o l l a r y is use fu l i n o u r s tud ies . 
Corollary 4.2.3 [ C J l ] Let B几+i C C^+i and dB奸丄 be the boundary of B^+i. 
Let be the associated principal fiber bundle. Suppose Vi,V2 G • 
two points. Then there is a unique local isomorphism T from to J^a^n+i 
such that 二 Vi and the mapping T is induced by a unique hirational 
mapping F : •M肪n+i — •M肪n+i which is of the form 
where F is the same as in (4 .2 .1) . 
Proof: B y L e m m a 3.2 .1 we have t h e u n i q u e l oca l b i h o l o m o r p h i s m T f r o m 
；Va沪+1 t o ；Vo炉+1 w h i c h preserves t h e f o r m s {a;, … ， i n L e m m a 3.1 .1 
a n d J^iVi) 二 V2. T h e n f o l l o w t h e p r o o f o f L e m m a 4.2.1, T i nduces t h e u n i q u e 
l o c a l i s o m o r p h i s m F f r o m MdB-‘+i t o such t h a t i t is i n t h e des i red f o r m . 
• 
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4.3 Local G-stucture on the space of hyperplane 
elements 
L e t Mx a n d Kx b e d e f i n e d i n D e f i n i t i o n 2.1.2 a n d D e f i n i t i o n 2.1.3, r espec t i ve l y . 
Suppose rx is a h o l o m o r p h i c d e f i n i n g f u n c t i o n o n Ux x Conj{Ux) f o r M x . R e c a l l 
t h a t Sx ： M x \ K x 一 r r U x is d e f i n e d b y 
知(之,C) 二 （ M ⑶ 
w h e r e c 。 = 链 f o r some c o n s t a n t c d e p e n d i n g o n {z , Q . 
Proposition 4.3.1 Let 尸⑴）G Mx \ Kx. Then the map Sx 化 locally biholo-
morphic near P(o) if and only if Mx is non-degenerate at P(o). 
Proof: N o t e t h a t i f P(o)=(之⑴)，乏(o)) for some 之(。）G X , t h e n t h e p r o p o s i t i o n 
f o l l o w s f r o m c o r o l l a r y 2.2.4. 
Write P(0) = ( z ( � ) i , 奸 1, d t ) e M x \ Kx- We assume 
為 ( 一 。 ’ a n d 煞 〜 。 ； 
o t h e r w i s e , we c a n use a l i nea r t r a n s f o r m a t i o n o n Mx \ K x . 
N e a r P(o) , we use I m p l i c i t f u n c t i o n t h e o r e m t o get 之 几 = C n Cn+i)，where 
is a h o l o m o r p h i c f u n c t i o n . Hence we rep lace r x { z , ( ) b y — Ca, Cn+i) 
near 
B y Sx is i n d e p e n d e n t o f t h e cho ice o f d e f i n i n g f u n c t i o n , we have 
Qp Qp 
S x { z X ) 二 （ 之 , [ — p b ， 0 • … ： — 之 ’ 0 ： 1]) 
n e a r尸⑼. 
N e a r P(o) , we use I m p l i c i t f u n c t i o n t h e o r e m a g a i n t o get Cn+i 二 C n + i ( 2 、 C a ) 
w h e r e Cn+i is a h o l o m o r p h i c f u n c t i o n . T h e n , we use (2：、z^+i，Ca) as t h e c o o r d i -
na tes near P(o) . 
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H e n c e , nea r S x ： M x \ K x — F T ' U x c a n b e w r i t t e n as 
1 +1 dp Op 
Sx ， 之 几 + 1 ， = ( 之 a,之几 + ’ —"^^，•.., ~~ ) 
w h e r e we have used 0 、 ： ... ： Cn ： 1]) as t h e c o o r d i n a t e s nea r 尸(。)). 
W r i t e 
• _ dp _ dp • ^ d 、 
^ Pa •= K -
T h e J o c a b i a n o f S x n e a r P(o) is 
/ / 0 0 \ 
0 1 0 • 
V * * 赞) 
N o t e t h a t , o n Mx 
？+1 - K A Cn+1(A ？+1, Ca)) = 0. 
B y d i f f e r e n t i a t i n g o n b o t h sides, 
^Sq： 
H e n c e we have 
dCn+l 二 
广+1. 
T h e r e f o r e , t h e J o c a b i a n m a t r i x o f S x c a n be w r i t t e n as 
^ I 0 0 、 
0 1 0 • 
( * * ； 
B y P r o p o s i t i o n 2.3.1, Mx is non -degene ra te a t 尸⑴）if a n d o n l y i f t h e J o c a b i a n 
m a t r i x o f S x a t P(o) is n o n - s i n g u l a r . T h a t is e q u i v a l e n t t o S x is l o c a l l y b i h o l o -
m o r p h i c . • 
/ 
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D e n o t e t h e i m a g e o f S x b y S x - S ince S x is a h o l o m o r p h i c m a p , S x is a n o p e n 
s u b m a n i f o l d o f ^ T ' U x - F u r t h e r , i f S x is i n j e c t i v e , t h e n w e c a n de f ine G - s t r u c t u r e 
g.X,P over <Sx b y AX,P a n d Bx,p ： = ( 知 ) — ” 召 w h e r e AX,BX 
f o r m t h e G - s t r u c t u r e over M x \ K x . T h i s G - s t m c t u r e over S x is ca l l ed t h e 
i n d u c e d G - s t r u c t u r e . 
Proposition 4.3.2 Let 几+i be the unit sphere in C几+i. The induced G-
structure Gob-^+^p extends holomorphically into a non-degenerate G-structure on 
PlV+i. 
Proof: Let [/肪n+i 二 C几+i \ {0} and r卵n+i (z，C) 二 z^j — 1. 
T h e n we have 
•M肪n+i = { {z, C) G X (0时1 I r 股 0 = 0}, 
iW+i 二 { z二o } u { c二0 } 
W e c l a i m t h a t t h e m a p 
： A^ a^ n+l \ i^ a^ n+l 一 PT^ f/^ n^+l, 
is i n j e c t i v e , w h e r e P T ' t / ^ ^ ^ + i ：二 {(之, 
N o t e t h a t 
丑 几 + 1 ( 2 ； , C) = (2；, [ : . . . : "“~Q^n+1 ] ) 
= ( z , [Ci ：…：Cn+iD e {(2，K] 6 ^ruoB^^A^'Cj + 0)} 
O n t h e o t h e r h a n d , le t [z,[幻)G t /a^n+ i x P几兰 YVUqb^^^ such t h a t z^i^ + 0. 
T a k e Q = we get z ^ Q = 1. Obse rve t h a t C 二 ( C i , . . ” C n + i ) + 0, we have 
(z,C) e 炉+1 州，hence C { (z,[幻 G Prt /肪n+ i | z』。^ 0) } . As 
a conclusion, we have ^ a^ n+i = { {z,�)G I •) } and 
has t h e inverse = { z , 条 t h a t is 卵n + i is i n j e c t i v e . 
T h e c a n o n i c a l G - s t r u c t u r e over cons is ts o f A ^ ^ n + i w h i c h is 
/ 
Projective geometry and biholomorphic mappings 65 
g e n e r a t e d b y dz^ a n d BQE^+I w h i c h is g e n e r a t e d b y dQ. T h e n , b y SQB^+I is i n j e c -
t i v e , w e h a v e t h e i n d u c e d G - s t r u c t u r e o v e r tSa^^+ i . P r e c i s e l y , AQB^+I^P 
is g e n e r a t e d b y = d z 』 w h i c h c a n b e e x t e n d e d h o l o m o r p h i c a l l y t o 
P T ' C ^ + i ， a n d B d B ^ + \ p is g e n e r a t e d b y 
C o n s i d e r t h e o p e n s u b m a n i f o l d C ^ + i ？^ 0 o f P T ' t / a s ^ + i - L e t ( z ^ - p a ) b e t h e 
c o o r d i n a t e s o f t h e o p e n s u b m a n i f o l d , so Pa = — T h u s , 
ia = -Pa 
^n+1 = 1 
tizl — ^n+1 — ppzf^ 
H e n c e , b y d i r e c t c a l c u l a t i o n , 
T h a t is , B e B ^ + \ p is g e n e r a t e d b y 办⑴ d z ^ + i H e n c e , B 犯 e x t e n d s 
h o l o m o r p h i c a l l y t o t h e o p e n s u b m a n i f o l d o f P T T 几 + i . N o t e t h a t w e m a y a p p l y 
t h e s a m e a r g u m e n t t o a n y o p e n s u b s e t 。 0 o f P T ' C 时 1. T h e r e f o r e , w e c a n 
c o n c l u d e t h a t BQB几extends h o l o m o r p h i c a l l y e v e r y w h e r e i n F i n a l l y , 
b y 
DZ^ A ... A DZ"" A DPI A … A DPN A ( C B奸 1 - PADZ"^) 
=dz^ A ... A dz""八 dpi 八 . . .八 dpn 八 之奸 1 + 0, 
w e h a v e dz。, dp a, dz''^'^-padz"^ a re l i n e a r l y i n d e p e n d e n t . A s a r e s u l t , t h i s i n d u c e d 
G - s t r u c t u r e is n o n - d e g e n e r a t e . • 
/ 
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4.4 Extension of induced G-structure 
L e m m a 4 . 4 . 1 ( E x t e n s i o n o f t h e i n d u c e d G - s t r u c t u r e over a f i b re ) Let a subset 
X cUx C be real-analytic and spherical, where Ux is a neighborhood of X 
in Then the induced G-structure Qx,p on Sx extends holomorphically into 
a nondegenerate G-structure on FVUx-
P r o o f : S ince X is sphe r i ca l , b y s h r i n k i n g Ux i f necessary, we c a n le t F be a 
biholomorphic map of Ux onto an open subset Ux C UDB^+I, where UQE^+I = 
C " + i \ { 0 }， s u c h t h a t F { X ) = UxndB''+‘ := W e w r i t e F == ( F i , 严 + i ) , 
t h e n we c a n use 
：= F ^ ( z ) F i ( 0 - l , w h e r e 二 兩 
as a d e f i n i n g f u n c t i o n fo r Mx- W e def ine F a ： Conj{Ux) — Conj{Ux) b y 
F a ( C ) = ( F i ( C ) , . . . , F n + i ( C ) ) - N o t e t h a t FA is a b i o l o m o r p h i c m a p o f Conj{Ux) 
o n t o Conj{Ux)-
F r o m t h e d e f i n i t i o n s , 
Mx 二 { ( 之 , C ) Conj{Ux) I F i ( z 蘭 ) = 1 }， 
a n d S x . . M x \ K x — "^T'Ux is g i ven b y 
dF! 
^ ( 2 , 0 二 （ 4 如 ， w h e r e c ^ = ^ K C ) ^ 
w i t h a nonze ro c o n s t a n t c d e p e n d i n g o n {z, Q. 
W e are g o i n g t o find t h e i m a g e o f S x a n d g o i n g t o show t h a t t h e inverse o f S x 
ex is ts . 
L e t z G Ux- S ince F is b i h o l o m o r p h i c o n Ux, we def ine ： f / x C b y 
N o t e t h a t {cii)(t>i{z) 二 〈 c F k 監 ) 礼 [ z ) = 聰 . L e t (z , 0 ^ Mx \ K x , t h e n 
S x { z X ) 二:…：…）=(Me]). 
/ 
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T h i s i m p l i e s 
dF^ 
< ； - 抓 ) 寂 ⑷ 
M u l t i p l y b o t h s ides b y ( f ) l ( z ) , w e ge t 
c 。 彻 = F i m 
T h e r e f o r e , 
H e n c e w e h a v e 
C - { (之, [印 G F R U X I Z G U X , I J C T I F 、 Z 、 ^ 0 } . 
Set 
� ( • = , j 产 、 、 ， ^ ( 、 … 人 + ！ ) ， 
w h e r e ( z , [ ⑶ G W . I f S x ( z , C ) = (之， [幻）， t h e n b(z,[⑶ 二 i ^ A ( C ) . H e n c e , <5义 C 
〜 〜 
O n t h e o t h e r h a n d , w e l e t b(z,旧)G Conj{Ux)： t h e n t h e r e e x i s t s ( e Ux s u c h 
t h a t 
Fk{0 = bk{z,[^]) for a l l k 
T h a t is 
W r i t e c = w e h a v e 
w h i c h i m p l i e s 
知 ( 2 , 0 = ( M ⑶ . 
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H e n c e , w e h a v e 
Sx = { { z , [e]) G ^ r u x I Kz, KD G Conj(Ux) }. 
T h e r e f o r e , w e h a v e s h o w n t h a t S x is i n j e c t i v e a n d 
(知 ) - i ( z ， K D = ( 之 , [ e ] ) ) ) , f o r a l l ( z , [e]) G S j c . 
T h u s , w e h a v e t h e i n d u c e d G - s t r u c t u r e Qx,p o n Sx, w h e r e Ax^p is g e n e r a t e d b y 
d J and Bx,p is generated by {Sx^YidQ) 二 d(i^zi)(60， [�）. 
N o w , w e a re g o i n g t o p r o v e t h a t QX,P e x t e n d s t o IFT'Ux. 
F r o m F : Ux 一 ^ ^x, we h a v e t h e i n d u c e d m a p F : Mx — A l ^ ^ n + i w h e r e 
F { z X ) = ( F ( Z ) , F A ( C ) ) - W e de f i ne F* : < S 肪 广 — S x b y 
= 知 。 f - i 。 % i n + i ( M ⑷ 
F 
二 Sx。尸 0 , 0 , where 0 , ^ G M 卵 n+i and ^ = cu, c 0 
二 ( 之 ) ， F ^ i ⑷ ) ( B y F is a n i s o m o r p h i s m o f G - s t r u c t u r e . ) 
二（广 1 ⑷ , 力 ⑶ 1 ⑷)]) 
二（广1(秘动） 
= " 德 应 ] ) 
N o t e t h a t F * c a n b e e x t e n d e d t o F* : FT'Ux — FVUx, w e s t i l l d e n o t e i t b y 
F * , a n d t h e e x t e n d e d F* is s t i l l a b i h o l o m o r p h i s m . H e n c e w e h a v e t h e f o l l o w i n g 
d i a g r a m : 
FT'Ux 二 FTVx 
•小 个 • 
I Y \ IF 
Sx T T 
Mx Mqb-, 
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w h e r e i , ip a re i n j e c t i o n s o f s u b m a n i f o l d s . N o t e t h a t t h e l owe r h a l f o f t h e d i a g r a m 
is c o m m u t a t i v e . S ince F is a n i s o m o r p h i s m o f G - s t r u c t u r e s , t h e m i d d l e h o r i z o n t a l 
m a p F * is a lso a n i s o m o r p h i s m o f G - s t r u c t u r e s . B y P r o p o s i t i o n 4.3.2 
e x t e n d s t o F T U x - S ince t h e h o r i z o n t a l m a p s a re b i h o l o m o r p h i c , we find t h a t 
a lso e x t e n d s t o f T ' U x - S ince is n o n - d e g e n e r a t e , we have Q x , p is 
a lso n o n - d e g e n e r a t e . • 
Proof of Theorem A: By Lemma 4.4.1, we have the i n d u c e d n o n - d e g e n e r a t e 
G - s t r u c t u r e Qx,p o n IFT'Ux f o r each s m a l l o p e n set X C dQ. L e t X' C dO. 
be a n o t h e r s m a l l o p e n set such t h a t X f l 0. S ince Mx 二 Mx' o n t h e 
i n t e r s e c t i o n Ux 门 Ux' a n d t h e G - s t r u c t u r e is u n i q u e , Qx,p e x t e n d s o n ¥T'{Ux U 
Ux'Y H e n c e t h e r e is a t h i n t u b u l a r n e i g h b o r h o o d V o f dVt i n CT^+i a n d a n o n -
degenerate G-structure, denoted by Qy, on P T V which extends Qx,p- Also, Ay 
is g e n e r a t e d b y dz^' a n d A y 门 B y is g e n e r a t e d b y Q d z L 
F i x e d a n y j o , 1 < Jo < ^ + 1- L e t t d e n o t e s a n y i n t e g e r f r o m { 1 , 2 , .",n + 
1 } \ { j o } . D e n o t e b y P允 t h e o p e n subset o f P T V g i v e n b y “ + 0. T h e n w e see 
t h a t t h e r e is t h e s e c t i o n 6> = dz允 _ p咖t o f Ay 门 By o n P 如 w h e r e pt = is 
h o l o m o r p h i c o n P 允 . N o t e t h a t ( e , d z \ d p t ) forms a bas is o f T ' P 允. T h u s t h e r e is 
f o r each t a u n i q u e g l o b a l s e c t i o n Wt o f By o f t h e f o r m 
zut 二 dpt 一 Ptsdz', s e { 1 , 2 , n , n + 1 } \ { j o } . 
N o t e t h a t zut is h o l o m o r p h i c o n Pj。. H e n c e pts is a h o l o m o r p h i c f u n c t i o n o n 
p 允 = X { I 6 � 0 } . S ince dVt is connected, we apply H a r t o g s ' extension 
t h e o r e m fo r h o l o m o r p h i c f u n c t i o n s a n d H a r t o g s ' s e p a r a t i o n t h e o r e m , pts e x t e n d s 
h o l o m o r p h i c a l l y t o ( Q U ^ ) x { [幻 | & 。 # 0 } . H e n c e Qy e x t e n d s h o l o m o r p h i c a l l y 
i n t o a G - s t r u c t u r e o n U V). S ince dz^^ - p t d z \ dz\ dpt -ptsdz' a re l i n e r a l y 
i n d e p e n d e n t , so Qv is n o n - d e g e n e r a t e . • 
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4.5 Proof of Theorem B 
Proof of Theorem B: (a).. C o n s i d e r t h e g i v e n b i h o l o m o r p h i c m a p f •• U 一 
U{= f _ such that f{Undn) C 奸 1 and U, U are open subsets in 
L e t 么(0) e u n d n a n d 5(o) : = / ( ； ^ ⑶ ) g 门 dB几 
T h e m a p f i n d u c e s a l o c a l i s o m o r p h i s m o f G - s t r u c t u r e s F i : M a n — M q b竹+ 、 
b y Fi(z,C) = ( P ( ^ ) J A O ) w h e r e f j ( 0 = 雨 . W e w r i t e 尸⑶ = ( z ( o ) , 乏 ( • ) ) g 
M a n a n d P(o) = (5 (o ) , ! ( o ) ) = g T W a沪+ i . T h e n w e h a v e , S ^ n ： M q ^ — 
^VU is a l o c a l b i h o l o m o r p h i s m n e a r P(o) . H e n c e , F := Fi o SQ^ ： — 
y w 卵 n + i is a l o c a l b i h o l o m o r p h i s m n e a r N o t e t h a t t h e m a p F is a 
l o c a l i s o m o r p h i s m o f G - s t r u c t u r e s . 
L e t 3；, J^a^n+i b e t h e i n d u c e d p r o j e c t i v e s t r u c t u r e b u n d l e s ove r PT ' ^^o a n d 
肪 n + i , r e s p e c t i v e l y . 
G i v e n t h e c o n t i n u o u s r e a l c u r v e 7 : [0 ,1 ] — Q w i t h i n i t i a l p o i n t 之⑶ G d f i . 
7 c a n b e l i f t e d t o a c o n t i n u o u s r e a l c u r v e 7 : [0，1] — IPT,Q(o) s t a r t i n g f r o m 
F i x a n y p o i n t P (o ) w h i c h p r o j e c t s t o ^ ^ ^ (户⑶） i n P T ' n ( o ) , w e l i f t 7 
t o a c o n t i n u o u s r e a l c u r v e F : [0 ,1 ] 一 s t a r t i n g f r o m ：^⑴).Note t h a t F a lso 
i n d u c e s a l o c a l b i h o l o m o r p h i c m a p T nea r V(⑴ f r o m t o ；V肪n+i w h i c h preserves 
t h e H a c h t r o u d i c o n n e c t i o n . 
S u p p o s e t h e r e ex i s t s c G ( 0 , 1 ) s u c h t h a t f c a n n o t e x t e n d b i m e r o m o r p h i c a l l y 
across 7 ( c ) . T h e n , w e a re g o i n g t o s h o w t h a t t h e r e is a c o n t r a d i c t i o n . 
S ince t h e H a c h t r o u d i c o n n e c t i o n s o n y a n d ；Vae科1 a re f i a t , t h e r e are ( n + 
2)2 — 1 l i n e a r i n d e p e n d e n t h o l o m o r p h i c 1 - f o r m s o n y a n d ；Va炉+1， respect ive ly 
s u c h t h a t t h e s t r u c t u r a l e q u a t i o n s o n a n d y 卵 h a v e t h e s a m e c o r r e s p o n d i n g 
c o n s t a n t coe f f i c i en ts a n d h a v e zero c u r v a t u r e s . H e n c e , b y L e m m a 3.2.1, t h e r e is 
a l o c a l b i h o l o m o r p h i s m H : W ^ ；Va炉+1, w h e r e W is a n e i g h b o r h o o d o f r ( c ) 
i n y , s u c h t h a t 7i p reserves t h e H a c h t r o u d i c o n n e c t i o n . L e t W a n d W be t h e 
p r o j e c t i o n o f W f r o m y i n t o FVCIQ a n d r e s p e c t i v e l y . T h e n H i n d u c e s a 
/ 
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l o c a l i s o m o r p h i s m o f G - s t r u c t u r e s H f r o m W t o W e t a k e a c o o r d i n a t e s 
s y s t e m ( z , - p t ) o n W . B y P r o p o s i t i o n 2 .2 .7 a n d t h e d e f i n i t i o n o f S x , H c a n b e 
w r i t t e n as 
H(z, - p t ) 二 {h\z),奸i(之)，…）={h{z),…） 
n e a r 7 ( c ) . W e assume t h e a b o v e h o l d s o n W. 
L e t r ( c i ) b e a p o i n t i n W , w h e r e c i < c < 1, s u c h t h a t T is h o l o m o r p h i c a t 
r ( c i ) , o t h e r w i s e w e t a k e a p o i n t g i n W w h i c h is c lose e n o u g h t o r ( c i ) s u c h t h a t 
T is h o l o m o r p h i c a t q . S ince J F ( r ( c i ) ) , H ( r ( c i ) ) a re t w o p o i n t s i n B y 
L e m m a 4 .2 .3 , t h e r e is a u n i q u e b i r a t i o n a l m a p C f r o m ；Vas奸丄 o n t o ；Vae科1 s u c h 
that C { n { T { c i ) ) ) 二 J^(r(ci))，where 
J^^JCOH near r(ci) in W. 
H e n c e JT e x t e n d s t o a l o c a l b i m e r o m o r p h i c m a p across r ( c ) . F r o m T = C o H , 
w e h a v e F = Lo H nea r 7 (01 ) i n W w h e r e L is t h e b i r a t i o n a l m a p i n d u c e d b y C 
as i n L e m m a 4 .2 .3 a n d F e x t e n d s o n VK as a l o c a l b i m e r o m o r p h i c m a p . 
R e c a l l t h a t 0 , - p t ) is a c o o r d i n a t e o n b y u s i n g F is a l o c a l i s o m o r p h i s m 
o f G - s t r u c t u r e s , 
n z , -Pt) = ( / I ⑷ , … ， 严 ⑷ , … ) = ( / ⑷ , … ） 
n e a r 7 ( C i ) . By F = L o H, we get f = I o h nea r j { c i ) i n W, w h e r e I is t h e 
c o r r e s p o n d i n g l i n e a r f r a c t i o n a l m a p o f L g i v e n b y L e m m a 4.2 .3 . Hence , f { z ) 
e x t e n d s o n VK as a l o c a l l y b i m e r o m o r p h i c m a p o f z. T h i s c o n t r a d i c t s t o o u r 
a s s u m p t i o n t h a t f c a n n o t e x t e n d across 7 ( c ) . 
( b ) . Case ( i ) . I f fl is s i m p l y c o n n e c t e d . B y p a r t (a ) , t h e l o c a l m a p f e x t e n d s 
a l o n g a n y r e a l c u r v e 7 f r o m 2:(o) i n s i d e 0 as a l o c a l l y b i m e r o m o r p h i c m a p . S ince 
O is s i m p l y c o n n e c t e d , f e x t e n d s t o a m e r o m o r p h i c m a p o n a n e i g h b o r h o o d o f 
Q . 
L e t 7 ' be a c o m p a c t c u r v e s t a r t e d f r o m 2:(o) i n dCl. B y u s i n g l e m m a B , f e x t e n d s 
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a l o n g Y as a l o c a l l y b i h o l o m o r p h i c m a p . I n p a r t i c u l a r , f has n o s i n g u l a r i t y i n dCl. 
S ince d i m > 2, i f / is a m e r o m o r p h i c m a p o n O w i t h a n o n e m p t y d i v i s o r o f 
po les , t h e n t h i s d i v i s o r m u s t i n t e r s e c t dCl. H e n c e / is a l o c a l l y b i h o l o m o r p h i c o n 
dn and f { d Q ) C 舰 
Case(ii). I f d e t ( D f ) 三 constant + 0 . F r o m p a r t ( a ) , i t ' s s u f f i c i e n t t o s h o w t h a t 
f is l o c a l l y b i h o l o m o r p h i c o n S ince f = l o h o n W , we h a v e 
d e t { D f ) = d e t (Dl) d e t {Dh), 
H e n c e w e ge t d e t (Dl) + 0. A l s o I is a l i n e a r f r a c t i o n a l m a p , t h i s i m p l i e s I is 
b i h o l o m o r p h i c o n Vl^. T h e r e f o r e , f = I o h e x t e n d s l o c a l l y b i h o l o m o r p h i c a l l y o n 
ly. • 
4.6 Domains with continuous boundary 
T h e f o l l o w i n g l e m m a is c r u c i a l i n o u r s t u d y a n d is p r o v e d b y R u d i n . 
Lemma 4.6.1 [R] Suppose we have 
( i ) Oi and are connected open subset of B奸〜. 
( a ) = 1 , 2 , are open subsets of dB'^^'^ such that C d ^ j . 
(Hi) f .. — is a biholomorphic map. 
(iv) There is a point a G Fi which is not a limit point 门S Q i and a sequence 
of points { a j } in Oi which is converging to a, such that { / ( a ^ ) } converges to a 
point b eT2 which is not a limit point of B时工 fl 
Then there exists <l> G 时 i ) , where 几十工)is the group of automorphism 
of B奸i，such that ^{z) = f { z ) for all z G Hi. 
R e c a l l i n t h e p r o o f o f L e m m a 4 .1 , w e h a v e a n i s o m o r p h i s m o f G - s t r u c t u r e F * : 
F T ' U x 一 F T ' U x i n d u c e d b y / , w h e r e 
F * ( M 〜 ] ) 二 ( / — ⑵ ) ] ) . (4 .4 ) 
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Proof of Corollary 4.1.2: L e t / : t / x H H U x H B ^ sa t i s f ies (4 .1 ) . N o t e 
t h a t f s t i l l i n d u c e s t h e m a p F * : ¥ r { U x 门 B 奸 ” — F r { U x n O ) , w h e r e F * is 
i n t h e f o r m o f ( 4 .4 ) a n d F * is b i h o l o m o r p h i c . T h e n F* c a r r i e s t h e G - s t r u c t u r e 
g 卵 n + i o n 召几+1) i n t o a n o n - d e g e n e r a t e G - s t r u c t u r e O x o n F T ' ( l / x n n ) . 
L e t g : Ux' nTi — Ux' P l B 奸 i b e a n o t h e r m a p s a t i s f y i n g (4 .1 ) a n d Ux'门〜门 
dn + 0. Then g induces the map G* : f^T'iUx'门 B轴” — H Q) by 
G * {z, [ u j ] ) 二 {g~\z), 1 (乏 ) ) ] ) w h i c h c a r r i e s t h e G - s t r u c t u r e g 岭 i o n 
¥T'{Ux' n 5奸1) into a non-degenerate G-structure Qx' on ¥V{Ux' H 0) . 
U s i n g s i m i l a r a r g u m e n t i n t h e p r o o f o f T h e o r e m A , i t su f f i ces t o s h o w t h a t 
o n Ux 门 Ux'门 Qx is e q u a l t o Qx'- B y u s i n g L e m m a 4 .6 .1 , h := g o / — i is 
a n a u t o m o r p h i s m o f B糾.Hence, h i n d u c e s t h e m a p H : f>r{Ux'门炉+” — 
f>T'{Ux n W ^ ) s u c h t h a t H{z, [ u j ] ) = ( / o 旬 ， o / — 1 ( 句 ) ] ) = 
(F—1 o [ u j ] ) a n d ( 丑 — = T h e r e f o r e , o n U x n U x ' H O , w e 
h a v e 
= ( 广 1)* o ( 1 1 - ” * 0 岭 1 = ( 广 1 ) * 仏 召 广 
= 0 X -
H e n c e , Qx e x t e n d s o n (Ux U Ux')门 ^ a n d c o r o l l a r y 4 .1 .2 f o l l o w s . • 
Lemma 4.6.2 Let Cl C be a bounded domain whose boundary is connected, 
continuous and spherical Let f be any local map which satisfies ( 4 .1 ) and 7 ( t ) be 
any compact continuous curve in dCl, 0 <t < 1, such that Then 
f extends along 7 such that the extension f satisifies ( 4 .1 ) at every point 0 / 7 . 
Proof: S u p p o s e o n t h e c o n t r a r y , f c a n n o t e x t e n d across 7 ( c ) . B y dVt is s p h e r -
i ca l , t h e r e ex i s t s a l o c a l m a p p : t /c f l 0 t/c H B几+1 s a t i s f y i n g (4 .1 ) , w h e r e 
Uc is a n e i g h b o r h o o d o f 7 ( c ) i n W e choose a p o i n t 7 ( c i ) G Uc w h e r e 
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0 < c i < c. B y L e m m a 4 .6 .1 w e have h :二 g o / — i is a n a u t o m o r p h i s m o f 
n e a r / ( 7 ( c i ) ) G a S 几 . H e n c e , f = h-、g is nea r 7 ( c i ) a n d so f e x t e n d s o n U。 
T h i s c o n t r a d i c t s t h a t f c a n n o t e x t e n d across 7 ( c ) . • 
Proof of Corollary 4.1.3: (a). T h a n k s t o C o r o l l a r y 4 .1 .2 . P a r t (a ) f o l l o w s 
e x a c t l y as t h e p r o o f o f P a r t (a ) o f T h e o r e m B . 
( b ) . I f 7 ( t ) G O, 0 < t < 1, t h e n u s i n g s i m i l a r a r g u m e n t i n t h e p r o o f o f T h e o r e m 
B ( b ) a n d L e m m a 4.6.2, t h e n f e x t e n d s t o a l o c a l l y b i h o l o m o r p h i c m a p a l o n g t h e 
c u r v e 7 ( t ) , 0 < t < 1. S ince Vt is s i m p l y c o n n e c t e d , f e x t e n d s h o l o m o r p h i c a l l y o n 
f l . T h e n f e x t e n d s t o a l o c a l l y h o m e o m o r p h i s m o n b y u s i n g L e m m a 4.6.2. • 
Corollary 4.6.3 let Vt C be a simply connected hounded domain with con-
nected continuous spherical boundary. Then any local map f which satisfies (4 .1 ) 
can extend to a locally biholomorphic map on Q and it extends to a global home-
omorphism f from dCl onto the unit sphere d B ^ i . In particular, when dVt is 
smooth, f extends to a global CR-isomorphism from dQ onto 
Proof: L e t f be t h e l o c a l m a p as i n (4 .1 ) . B y C o r o l l a r y 4 .1 .3 a n d L e m m a 
4 . 6 . 2 ( b ) , f e x t e n d s t o a l o c a l l y b i h o l o m o r p h i c m a p f on Q a n d e x t e n d s t o a l o c a l 
h o m e o m o r p h i s m f : dft dB""^^. S ince is s i m p l y c o n n e c t e d , w e s t a r t 
f r o m t h e l o c a l inverse obse rve t h a t 丄 c a n be e x t e n d e d o n w h i c h 
sat is f ies (4 .1) a t eve ry p o i n t . W e r e m a r k t h a t t h i s c a n be d o n e i n t e r m s o f t h e 
w e l l - d e f i n e d m a p f . W h e n d Q is s m o o t h , t h e m a p / is a g l o b a l C R i s o m o r p h i s m . 
• 
Proof of Theorem C: B y C o r o l l a y 4.6.3, a l o c a l m a p f w h i c h sat is f ies (4.1) 
c a n be e x t e n d e d t o a g l o b a l C R - i s o m o r p h i s m f r o m dCl o n t o dB""^^. Hence f 
e x t e n d s t o a d i f f e o m o r p h i s m f r o m d Q o n t o dB ' ' ^ ' ^ w h i c h preserves t h e i n d u c e d 
C R - s t r u c t u r e . B y B o c h n e r E x t e n s i o n T h e o r e m , f e x t e n d s t o a b i h o l o m o r p h i s m 
/ : Q -> 5 几+1. • 
• / 
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